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Abstract

Nonparametric local projections estimate impulse responses without imposing
parametric assumptions on the response function. Existing plug-in implementations
identify the response through a nonparametric regression of future outcomes on the
structural shock. This paper shows that the same response function can also be
identified by reweighting outcomes according to how a structural shock shifts the
shock density. Combining the two representations yields a doubly robust estimator:
a nonparametric regression estimate augmented with a residual correction based
on shock density reweighting. Consistency requires only that either the outcome
regression or the density ratio be consistently estimated, making the method less
vulnerable to smoothing, approximation, and specification errors. The correction also
improves the calibration of confidence intervals, both by reducing centering bias and
by producing a score whose variation the standard error fully reflects. In simulations,
the residual correction removes persistent regression bias and substantially improves
empirical coverage.

JEL Codes: C14, C22, C32
Keywords: local projections; double robustness; orthogonal estimation; impulse
responses

*Computations were performed using the Wake Forest University High Performance Computing
Facility. All errors are my own.


mailto:nikolag@wfu.edu
https://giorginikolaishvili.com/cv/dr-lp_nikolaishvili.pdf

1 Introduction

Impulse responses can be highly nonlinear. Structural shocks may generate asymmetric
or localized propagation patterns that standard linear implementations of local
projections (Jorda, 2005) and vector autoregressions obscure. Researchers can move
beyond linearity by explicitly specifying nonlinear transformations, but these approaches
require commitment to a particular functional form for how future outcomes respond to
the shock. Nonparametric local projections dispense with such restrictions, recovering
impulse responses without imposing a maintained specification on shock propagation
(Gongalves et al., 2024a). This flexibility, however, introduces a vulnerability. Each
impulse response estimate is centered on a nonparametric regression of future outcomes
on the structural shock. When that regression smooths over sharp features of the
conditional mean, the estimated impulse response inherits the resulting centering bias.
The same problem arises when the chosen nuisance function class fails to approximate
those features. This paper develops a doubly robust estimator for nonparametric local
projections that offers insurance against this bias.

I show that the average impulse response function of Gongalves et al. (2024a) admits
not only a conditional regression representation but also a reweighting representation.
The estimand asks how the average outcome changes when every realized shock is
shifted by the same amount. Shifting the shock distribution is equivalent to reweighting
observations by the ratio of the shifted to the original marginal shock density. Combining
the two representations yields an orthogonal, doubly robust moment — a regression
estimate augmented with a residual correction weighted by the density ratio. The
moment is doubly robust because it is correctly centered whenever either the conditional
mean or the density ratio is correctly specified, given mild envelope conditions on the
other nuisance component. The moment is Neyman orthogonal because first-stage errors
in the two components affect the estimator only through their product.

The combined representation leads directly to a feasible estimator. At each horizon
and shock displacement, the estimator averages a regression component and a density
ratio-weighted residual correction over time. The only unknown ingredients are the
conditional mean and the density ratio, both of which may be estimated flexibly. I
establish consistency and asymptotic normality under block cross-fitting and a product
rate condition, with inference based on a HAC estimate of the long run variance. The
Monte Carlo evidence highlights the inferential role of the residual correction. When
the regression arm is heavily biased, the density ratio correction recovers the missing

signal, reduces centering bias, and substantially improves the empirical coverage of



nominal HAC intervals. Even when the regression arm is estimated with little bias,
the doubly robust estimator generally improves coverage because the orthogonal score
reduces centering error and the residual weight variation is reflected in the HAC variance.

The paper connects three literatures: nonlinear impulse response analysis,
counterfactual density-ratio representations, and semiparametric orthogonal estimation.
Gongalves et al. (2024a) formulate nonlinear impulse responses as potential-outcome
objects and estimate them by nonparametric local projections; this paper takes their
framework as its starting point. The reweighting representation links the paper to work
on stochastic interventions and modified treatment policies, where interventions modify
a continuous or multivalued exposure by shifting or otherwise mapping its realized
value, or by drawing from the corresponding intervention distribution (Diaz Mufioz and
van der Laan, 2012; Haneuse and Rotnitzky, 2013; Diaz et al., 2023). It also connects
to density-ratio and importance-weighting methods, which estimate expectations under
one distribution by reweighting observations drawn from another (Sugiyama et al., 2012).
The treatment-effects literature developed doubly robust estimation for missing-data and
treatment-effect problems (Robins et al., 1994; Bang and Robins, 2005; Kennedy et al.,
2017). For continuous treatments, generalized propensity-score and conditional-density
methods are central to dose-response estimation (Hirano and Imbens, 2004; Kennedy
et al., 2017; Colangelo and Lee, 2026).

This paper makes three contributions. First, I show that the average impulse response
function admits two distinct observable representations rather than only one. Existing
nonparametric local projections recover the response by estimating the conditional
mean of future outcomes given the structural shock and averaging the shifted shock
difference. That regression must be estimated separately at each forecast horizon. A
plug-in response can therefore be sensitive to bandwidth, sieve order, and function class
decisions: smoothing or approximation error in the conditional mean induces centering
bias in the averaged difference unless the first step is tuned or bias corrected so that this
bias is negligible. I show that the same response can also be recovered by reweighting
observations according to how the shock distribution shifts. The reweighting component
depends only on the marginal density of the shock, so it does not change with the forecast
horizon. This makes it a stable complement to the horizon-specific regression arm. The
decomposition isolates the horizon-specific part of the problem in the regression and the
horizon-invariant part in the density ratio, providing the second arm needed for doubly
robust estimation.

Second, I combine these two representations into a doubly robust estimator of the

average response function. The estimator augments a regression estimate with a residual



correction based on shock density reweighting. It is consistent whenever either the
outcome regression or the density ratio is consistently estimated, a global robustness
property that gives the estimator its name. Its orthogonal construction makes the leading
nuisance bias proportional to the product of the two estimation errors. The correction
therefore provides insurance against bandwidth choices, series orders, and function class
decisions in the regression step. When the regression arm is already accurate, the same
correction can add residual weight variation and raise RMSE, but the simulations show
that this variance cost often comes with better calibrated coverage.

Third, I develop the inference theory needed to deploy this estimator in time-series
settings. I introduce a block cross-fitting scheme with contiguous validation blocks and
buffer-excluded training samples. For each validation block, the nuisance functions
are estimated on observations outside the block and its buffer, and the held-out block
is then used to evaluate the orthogonal score. Under the stated mixing and buffer-
growth conditions, the buffer makes the dependence between nuisance training and score
evaluation asymptotically negligible. Under a product-rate condition on the two nuisance
estimation errors, the estimator is asymptotically normal. I estimate its long-run variance
with a HAC estimator that accounts for residual dependence in the orthogonal score

sequence.

Related Literature. This paper builds on the local projection framework introduced by
Jorda (2005). A broader nonlinear impulse response literature relaxes linear restrictions
using smooth-transition VARs, structural dynamic models with nonlinear regressors, and
finite-dimensional basis-function approximations of impulse responses (Auerbach and
Gorodnichenko, 2012; Gongalves et al., 2021; Barnichon and Matthes, 2018). Within the
LP literature, state-dependent and threshold specifications use interactions or regime
indicators to allow for nonlinear responses (Auerbach and Gorodnichenko, 2013; Ramey
and Zubairy, 2018; Gongalves et al., 2024b). These finite-dimensional implementations
enrich the response specification but require the researcher to choose the relevant
nonlinear structure. Gongalves et al. (2024a) take a different route by identifying average
impulse responses from the unrestricted conditional mean of future outcomes given the
structural shock and estimating that conditional mean nonparametrically. My paper takes
their estimand and identification result as its starting point but addresses a vulnerability
of plug-in regression implementation: smoothing, bandwidth, sieve, or function-class
error in the estimated conditional mean can induce centering bias in the averaged
response unless the first step is tuned or bias-corrected so that this bias is negligible.

The estimator is also related to doubly robust and orthogonal methods in



semiparametric causal inference. Classical augmented inverse-probability-weighted
estimators combine an outcome regression with an assignment or weighting model
and remain consistent when either component is correctly specified (Robins et al.,
1994; Bang and Robins, 2005). The closest score-level analogue is the stochastic-
intervention literature: for a continuous exposure shifted by a specified amount,
Diaz Mufioz and van der Laan (2012) derive an efficient influence-function representation
with an outcome-regression term and a density-ratio-weighted residual correction.
Targeted learning and double/debiased machine learning provide the orthogonal-score
and sample-splitting framework for data-adaptive nuisance estimation (van der Laan
and Rose, 2011; Chernozhukov et al., 2018). Related continuous-treatment estimators
use outcome regressions together with conditional treatment densities or generalized
propensity scores to estimate dose-response functions (Hirano and Imbens, 2004;
Kennedy et al., 2017; Colangelo and Lee, 2026). This paper specializes the stochastic-
intervention logic to structurally identified shocks in nonlinear local projections. Because
the shock is independent of the other innovations, the relevant weight is the marginal
shock-density ratio rather than a conditional treatment density, and inference must
accommodate serial dependence.

Finally, the paper connects to orthogonal learners for heterogeneous causal effects
(Wager and Athey, 2018; Athey et al., 2019; Nie and Wager, 2021; Kennedy, 2023; Oprescu
et al., 2019). These methods use orthogonalization to estimate treatment effect objects
under independent sampling with outcome and propensity nuisances. The impulse
response setting of this paper differs in three respects: the target is a nonparametric
impulse response to a shifted structural shock, the weighting nuisance is a change of
measure density ratio rather than a propensity score, and the orthogonal score is serially
dependent. These distinctions motivate buffer separated block cross-fitting and HAC
inference based on the long run variance of the score.

Outline. Section 2 defines the average impulse response function as a potential-
outcome object, and establishes that it admits two distinct observable representations.
Section 3 combines these two representations into a single doubly robust estimator:
a regression augmented by a density-ratio-weighted residual correction. Section 4
uses Monte Carlo simulations to show that the residual correction removes persistent
regression bias and substantially improves empirical coverage, even when the regression
arm is well-estimated. Formal regularity conditions, the influence-function derivation,

primitive rate verification, and implementation details are collected in the appendices.



2 Setup and Identification

An average impulse response function characterizes the average effect on outcomes at
horizon h of a counterfactual shift of size J in the structural shock at time ¢. Defining
this object requires three elements: a structural model that isolates the shock of interest
from the remaining sources of variation, a potential-outcomes framework that gives
the counterfactual precise meaning, and an identification argument that expresses the
counterfactual in terms of observable quantities. This section introduces each element in
turn and establishes that identification admits two distinct observable representations —
one through the conditional mean of the outcome given the shock, the other through the
marginal density of the shock. The interplay between these two representations underlies
the doubly robust estimator developed in Section 3.

2.1 Structural Model

Consider a vector of observables z; = (x4, Y/) generated by the structural nonlinear

dynamic system

Xt = @(z¢—1) + €1t (1)
Yit = lpi(xtz Y—i,tl Zt—llsit)l i = 2/ ..., n (2)

where &; = (€14, ...,€nt)  is i.i.d. with mean zero and mutually independent components,
and boldface denotes the full lag history of a variable. The first equation isolates a
single structural shock e1;, which enters additively; the remaining equations permit
the outcomes to depend on the shock, on one another, and on the full history
through unrestricted nonlinear functions ;. This is the nonlinear structural local
projection environment of Gongalves et al. (2024a), which nests models with nonlinearly
transformed regressors (Gongalves et al., 2021), state-dependent coefficients (Gongalves
et al., 2024b), and nonlinear interactions between shocks and state variables.
Throughout, I treat the structural shock series €1; as observed, either directly or as the
output of a first-stage identification procedure. All estimators below are written in terms
of this series. This is the natural starting point when an external instrument or narrative
identification strategy delivers a shock series. Identification rests on a single feature of the
specification: the mutual independence of the components of ¢, which ensures that €;; is

independent of the remaining innovations.



2.2 Potential Outcomes and Estimands

The structural model induces a mapping from the shock e;; to future outcomes. To
formalize the counterfactual of setting €;; to a value e other than its realization, define
the potential outcome

Yipn(e) = my(e, Uppy), 3)

where U, collects all remaining sources of variation in y;,j,: lagged states, future
shocks €1¢41,...,€1 44y, and non-shock innovations €;4,...,&,1,. The function my is
determined by the structural equations (1)—(2) but is left unrestricted — no functional
form is imposed on how the shock propagates. This is the potential-outcomes formulation
used in nonparametric and state-dependent local-projection analysis by Gongalves et al.
(2024a,b). It is closely related to the counterfactual shock-shift construction in Gongalves
et al. (2021), which defines nonlinear impulse responses by perturbing the structural
innovation and comparing the resulting counterfactual paths.

The target estimand is the unconditional average response function:

ARF,(6) = Elyrn(ere +6) — yin(enr)]. (4)

Following Gongalves et al. (2024a) and the related shock-shift framework in Gongalves
et al. (2021), this quantity is a nonparametric generalization of the linear impulse
response: it measures the average change in the outcome when every shock realization is
shifted by J, without restricting the response to be linear or symmetric in J. This object
differs from the generalized impulse response of Koop et al. (1996). In nonlinear models,
the generalized impulse response is conditioned on a realized shock and history and
compares the resulting conditional forecast with the forecast based only on the history.
By contrast, (4) shifts every realized structural shock by the same amount and averages
over the marginal shock distribution.

2.3 Identification

The ARF involves the potential outcome y;,(e), which is observed only at the realized
shock value e = ¢y;. Identification therefore requires a link between the counterfactual
and observable quantities. The structural model supplies this link through a single
condition: the shock ¢y; is independent of all other determinants of y;,,. Formally,
ey AL Uiy, which follows from the iid. assumption on & and the triangular
timing in equations (1)—(2): because ¢y; is serially independent and contemporaneously
independent of €, ..., €y, it is independent of the collection U;,j. This in turn implies



that the potential outcomes {y; ,(e) : e € £} are independent of e;; — the analog
of unconfoundedness in the treatment effects literature; see Lemma A.1 of Gongalves
et al. (2024b) and Gongalves et al. (2024a). This independence condition opens two

representations of the same estimand.

Representation I: Conditional means. Define the conditional mean function

8n(e) = Elyin [ e1r =e]. (5)

Because ¢1; 1L Uy, the conditional expectation of the potential outcome at any shock

value e equals gj,(e):

Elyiin(e)] = E[mp(e,Uprn)] = Elyern | e1e =€) = gule),

where the first equality integrates out U;,; using independence, and the second
conditions on ¢1; = e in the observed outcome y; ., = my(e1;, Upyp). Substituting into
the ARF definition yields the conditional-mean representation:

ARF;,(6) = E[gn(e1r +9) — gn(e1r)]- (CM)

The impulse response is thus identified by the conditional mean of y;,; given ey
estimate gj, evaluate it at the observed and shifted shock values, and average the
difference. This identification result and the estimator it motivates are due to Gongalves
et al. (2024a).

Representation II: Density ratios. Rather than expressing the ARF through the
conditional mean, one can express it through the marginal density of the shock. The
key observation is that shifting every shock realization by 4 is equivalent to reweighting
observations under the original shock distribution. Realizations that become more likely
under the shifted distribution receive greater weight, and those that become less likely

receive less. Let f denote the marginal density of 1;. A change of variables gives

= E[gh@u)-M : (6)



Define the density ratio
rsle) = ————=. (7)

This ratio is well-defined provided the support of f(- — J) is contained in that of f, an
overlap condition that holds whenever &1, has full support on R and is stated formally in
Assumption A.2. Since E[g,(e1¢)] = E[y;1] by iterated expectations, substituting into the
AREF definition yields the density-ratio representation:

ARF;(8) = E[ysn- (rs(err) —1)]. R)

Because f is a univariate object, density-ratio estimation is a lower-dimensional nuisance
problem than estimation of the conditional mean gy,.

The two representations place their estimation burden on different objects: the
conditional mean g;, and the shock density f, respectively. Having two paths to the same

estimand is what makes doubly robust estimation possible.

Proposition 2.1 (Dual identification of the ARF). Suppose the potential-outcome
representation in (4) holds, Assumption A.1 implies e1; L Uy, and the overlap and integrability
conditions in Assumptions A.2—A.3 hold for the fixed shift . Then

ARF(6) = E[gn(e1t + 6) — gn(e1e)] = E[yrrn{rs(ers) — 1} (DI)

Proof. Independence of €1; and U,y gives E[y;p(e)] = E[my(e,Upy)] = gn(e) for
each shock value e in the support. Substitution into (4) gives the conditional-mean
representation (CM). For the density-ratio representation, the overlap condition permits
the change of variables in (6), so E[g; (€1t + )] = E[gu(e1)rs(e1¢)]. Since E[gn(e1r)] =
E[y;,y], subtracting E[y;. ] gives (R). O

3 The Doubly Robust Estimator

The preceding section established that the average impulse response function admits
two observable representations: one through the conditional mean of the outcome
given the shock, the other through the marginal density of the shock. Each suggests
a plug-in estimator, and each carries a distinct vulnerability: the regression estimator
inherits smoothing or approximation bias in the estimated conditional mean, while
the reweighting estimator avoids the conditional mean but applies the density-ratio

weight to the full outcome level, making it noisy when the ratio is variable in the tails.



This section combines the two into a single estimator that uses the regression as the
primary estimate and applies the density-ratio weight only to the regression residual.
The combination is doubly robust: first-stage errors affect the estimate only through
their product, so consistency requires only that one of the two nuisance functions be
consistently estimated. Deploying this estimator in a time-series setting requires three
turther elements: block cross-fitting to separate nuisance training from score evaluation,
a product-rate condition under which the product bias is asymptotically negligible, and
HAC inference targeting the long-run variance of the serially dependent influence score.

3.1 Construction of the DR Estimator

The two identification formulas imply two plug-in estimators. The conditional-mean

representation gives

ARE,"(6) = - L (8hler+0) ~ gulen)) ®)
=

while the density-ratio representation gives the pure reweighting estimator

— 1w

ARF;, (9) = nih Y Yeen{Ps(ers) — 1} )
=1

The regression estimator is direct but transmits any error in §;, to the estimated response.
The reweighting estimator avoids estimating g, altogether, but it weights the full outcome
and can therefore be noisy when the density ratio is variable. The doubly robust estimator
combines both: it uses the regression as the leading term and applies the density-ratio

weight only to the regression residual:!

_—DR 1 Tk A A A
ARF, (8) = = ¥ [&u(er +0) = ulex) + (aler) = Depn — uler))|.  OR)
t=1

The first term, §j(e1; + 6) — $n(eqr), is the regression term. The second term,
(?s(e1r) — 1) (yyrn — $n(€1)), is the density-ratio bias correction applied to the regression

residual. This is the structural-shock analogue of an augmented inverse-probability or

IThe cross-fitting fold index is suppressed to keep the score formula readable. The estimator used
throughout the theory is the block cross-fitted version defined in Section 3.4: the nuisance functions ¢;, and
75 are estimated on temporally separated training observations, and each observation’s score is evaluated
using nuisance estimates that did not see that observation or its temporal neighbors. Thus (DR) should be
read as defining the per-observation score, not as a recommendation to estimate and evaluate on the same
sample.
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inverse-density-weighted score used in missing-data, treatment-effect, and stochastic-
intervention problems (Robins et al., 1994; Bang and Robins, 2005; Diaz Mufioz and
van der Laan, 2012).

The doubly robust property of the estimator can be seen directly from the estimator
formula. There are two cases to consider, corresponding to the two arms of the estimator.

Regression arm. Suppose first that the conditional-mean function is correctly specified,
8n = gn, but the density ratio may be misspecified. In this case the regression
residual y;,j, — g5 (€1) has conditional mean zero given ¢1;, by the definition of g as the
conditional expectation. The density-ratio correction term (#5(e1t) — 1) (ysen — gn(e1t))
therefore also has conditional mean zero, regardless of whether 75 is a good estimate of r;
or not. The estimator reduces to the regression representation plus mean-zero noise, and

consistency follows.

Density-ratio arm. Now suppose the density ratio is correctly specified, #; = 75, but the
conditional-mean estimate ¢, may be wrong. This case is less immediate, because the

correction term need not have conditional mean zero. Conditioning on £1; = e,

El(rs(e) = D){yern — Gu(e)} | ene = el = (rs(e) — 1){gn(e) — &ule)},

which is generally nonzero whenever §;, # g;,. At first glance, this appears to introduce
bias. The reason it does not is that, after averaging over the distribution of the shock, the
bias contributed by the correction term exactly offsets the bias in the regression term. To
see why, note that the density-ratio identity established in Section 2.3 implies that for any

square-integrable function g,

E[Z(E+0) —Z(E)] = E[(rs(E) — 1)3(E)],

where E denotes a generic draw from the shock distribution. The left-hand side is
the population regression term evaluated at §; the right-hand side is the population
reweighting term evaluated at g. They are always equal when the density ratio is correct,
regardless of whether § equals the true conditional mean. Combining the regression and

correction terms in the full estimand gives
E[g(E +0) — &(E) + (rs(E) = 1){Y — §(E)}] = ARF(9),

so the estimator is consistent for any choice of g, provided the density ratio is correct. Asa
limiting case, setting ¢;, = 0 recovers the pure reweighting estimator 7, Yy (s(ery) —
1).

11



The preceding argument established consistency by considering each arm in isolation.
The following lemma shows a stronger property: the moment condition underlying
the estimator is locally insensitive to small perturbations of either nuisance function
around its true value. This insensitivity (Neyman orthogonality) is what allows the
estimator to remain +/n-consistent even when the nuisance functions are estimated at
slower nonparametric rates. The reason is that the first-order effect of nuisance estimation
error on the moment condition is exactly zero, so only the product of the two estimation
errors contributes to the bias.

Lemma 3.1 (Neyman orthogonality of the DR score). Let W = (E, Y) denote a generic draw
from the bivariate marginal law of (e1¢, i1 1), let 09 = ARFy, (), and define

p(W;8,,7) = g(E+0) — g(E) + {r(E) — 1}{Y — g(E)} — 6.

At (00, 8n,1s), the moment is Neyman orthogonal to first-order perturbations of each nuisance.
For every square-integrable perturbation a of g, and b of rs,

d
——E[p(W; 00,81 + Ta,15)]

d
dat =0, —E[@(W; 00,8y, 15 + Tb)] =0.

=0 dt =0

Proof. For a perturbation a of the regression nuisance,

L Ela(E+6) —a(E) — (rs(E) — 1)a(E)]

= E[a(E + )] — E[rs(E)a(E)]

d
EHﬂW%&+mwﬂ

7

where the last equality uses the density-ratio identity. For a perturbation b of the ratio
nuisance,

%E[QD(W; 00, n, 15 + Tb)] o E[b(E){Y —gn(E)}] = E[b(E)E[Y — gi(E) | E]] = 0.

]

3.2 Double Robustness

Neyman orthogonality is a local property: it concerns infinitesimal perturbations around
the true nuisance functions. The double robustness result below shows that the

12



same product structure delivers a global guarantee, in which one of the two nuisance

components may be entirely misspecified.

Proposition 3.1 (Double robustness). The DR estimator is consistent for ARFy,(6) if either:
(a) the regression estimates §y , converge in probability to g, over the relevant domain, or
(b) the density-ratio estimates 7y 5 converge in probability to r;,

but not necessarily both, provided the misspecified component remains Op (1) in the corresponding
Ly norm. The formal statement, which specifies the block cross-fitted estimator of Section 3.4 and
the uniformity and envelope conditions across folds, is given in Appendix A.

Sketch. Let ky(t) denote the validation block containing observation t and suppress the
horizon subscript. The block cross-fitted estimator satisfies the expansion Writing Ary ; =
Prat),0(€1¢) — 7s(ery) and Agxs = &, (1),n(€11) — gn(ens) for the fold-specific estimation

errors,
——BCF 1 1M
ARF,  — ARF, = — Y ¢ —— Y E[Ariges | By ] 40,10, (10)
ML 13 np 1= 1)
\_\r . -~ ,
Oy (nh—l/ 2) fold-specific product bias

with the remainder o, (1, v 2) under the stronger rate conditions used for inference. The

key is the product structure of the bias: conditional on the training sample for each fold,
the first-order derivative of the score with respect to each nuisance separately is zero, so
only the product of the regression and density-ratio errors remains. If either error is zero,
the product vanishes regardless of the other. This is the double-robustness result specific
to the conditional-mean and density-ratio nuisances in the nonparametric ARF problem.

The practical implication is that the estimator provides insurance against
misspecification of either nuisance component. A researcher who is confident in the
conditional-mean model but uncertain about the shock density still obtains a consistent
estimate, and vice versa. This guarantee concerns consistency; the rate at which the
product bias vanishes, and the additional conditions needed for valid inference, are the

subject of the next subsection.

3.3 Asymptotic Normality and HAC Inference

For valid inference, both nuisance estimators must be controlled in the score-level norms

that enter the block cross-fitted moment, and the population product drift must vanish

13



fast enough to be asymptotically negligible. Let

Agk = 8kn — Shs Ar = P 5 — 15

The following conditions are sufficient:

max {[1Agklla g, + Irsdgillas + 1 A7ello + | Arcagellas } = 0,(1),

1<k<K
P{A A = op(n, /2 11
max [P{An(en)agi(en)}] = 0,073, ()
where || - ||2,s denotes the L, norm under the shock distribution (HQH%, F= Ela(e1:)?)]),
| - ll,f, the Ly norm under the shifted distribution (||a||%’f5 = Ela(ey; + 6)?]), and
| - ll2¢ the conditional-variance-weighted norm (|[a|3, = E[a(ey)?0f(e1)], with
oZ(e) = Var(ysp, | €1 = €)). The first line is a score-level nuisance condition: the
weighted term ||75Ag ||, s enters because the centered score contains 75(e1;)Ag(e1¢), and
the product-score term ||ArgAgy||2,f controls the empirical fluctuation of the second-order
component. The second line is the population product-drift condition. A sufficient way
to verify it is the usual Cauchy-Schwarz product rate
A - ||Ar = o0,(n; 1/?).
f%f}{ang 188kl2,f - |7k l2,p = 0p(n;,77)
Thus the unweighted Ly(Pf) product rate controls the drift, while the score-level
condition controls the centered empirical remainder.
Under these conditions and the block cross-fitting and weak-dependence regularity
stated in Appendix A.1, the DR estimator admits the linear expansion

Vi, (ARE,  (8) — ARF,(8)) = th Y ¢ +o0p(1), (12)
=1

where 9] is the efficient influence function recorded in the following proposition;
the derivation and a variance decomposition are deferred to Appendix A.3 and
Appendix A 4.

Proposition 3.2 (Influence score). Under regularity conditions stated in Appendix A, the

efficient influence function for ARF,() in the unrestricted bivariate marginal model is

¥; = |gn(en +6) — gnlew)] + [rs(er) — 1] [Yesn — n(err)] — ARE,(9). (EIF)

14



The linear expansion therefore gives
—BCF d
V1 (ARE;,  (8) — ARF,(6)) — N(0, &), (13)

where the asymptotic variance is the long-run variance of the influence-function process:

=Y, Cov(f, v ;) (LRV)

j=—co

This equals Var(¢;) only when all nonzero-lag autocovariances vanish. A dynamic
structural recursion can generate serial dependence in ¢; even at h = 0, because y; may
depend on lagged states. Inference therefore targets X; using a HAC estimator under
stationary weak dependence.

Because the structural time-series model may impose restrictions beyond the bivariate
marginal law, the contemporaneous variance Var(¢;) should be interpreted as the
efficiency bound for the enlarged marginal model unless equivalence of the structural
and marginal tangent spaces is separately established. This qualification is not needed for
HAC inference: Proposition A.2 uses ; as the first-order score and estimates its long-run
variance.

The influence score also clarifies what the DR correction does and does not
provide relative to a pure regression approach. A regression plug-in estimator that is
undersmoothed, bias-corrected, or otherwise tuned so that the ARF functional is root-T
regular has the same first-order influence score 1, so the DR correction is not a generic
tirst-order variance improvement. Its practical role is bias protection: with conventional
smoothing or misspecified function classes, the DR bias is governed by a product of
regression and density-ratio errors, whereas a regression-only HAC interval remains
centered at a potentially biased plug-in estimate. This distinction matters for coverage.
A HAC estimator targets the long-run variance of the score sequence; it does not remove
deterministic smoothing or approximation bias in the center of a regression-only interval.
Thus a regression-only estimator can have lower RMSE but worse coverage if its bias is
small in levels yet nonnegligible relative to its standard error. The Monte Carlo coverage
panels in Section 4 evaluate this implication directly.

The rate conditions above are stated in terms of score-level norms and product drifts
without specifying which first-step estimators achieve them. Appendix B gives one
sufficient kernel-rate verification of the population L(Pf) product-drift component of
Assumption A.5(b). That appendix also records additional envelope restrictions under

which the remaining score-level nuisance terms are controlled for the trimmed and
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capped kernel implementation. It should not be read as replacing the block empirical-
process requirement in Assumption A.6 or the estimated-score replacement condition for
HAC inference in Assumption A.7. Those conditions remain imposed at the high-level

layer used in Proposition A.2.

3.4 Block Cross-Fitting

In an ii.d. setting, cross-fitting randomly partitions the sample into folds, estimates
nuisance functions on each fold’s complement, and evaluates the score on the held-out
fold. Random partitioning ensures independence between the training and evaluation
samples. With time-series data, random assignment can place temporally adjacent
observations in the training and validation samples. The resulting training and
evaluation scores are then no longer approximately independent, so two modifications
are needed: the folds must be contiguous blocks that preserve the time structure, and a
buffer of discarded observations must separate each evaluation block from its training
sample to ensure approximate independence.

For fixed horizon h, set n, = T —h and 7, = {1,...,n,}. Partition 7} into a fixed
number K of non-overlapping contiguous validation blocks By, ..., Bx ) with lengths
proportional to nj,. For a block Byj, = [ayy, bxp], choose a buffer length mr satisfying
mp — oo and mp/n, — 0, and define

Cyp(mr) ={s € Ty :ar, —mr <s < by, +mr}, (14)
Lew = T\ Cp(mr). (15)

The nuisance functions §; , and 7y 5 are estimated only from observations indexed by I .
For t € By, define

Gt = ginlere +6) — Senler) + (Prsenr) — LH{yen — Senlen) - (16)
The estimator is
——BCF 1 K ~BCE
ARE, (8)=—3. ) ¢ - (17)

Mh k21 1€By,

The formal conditions require the buffer length mr to diverge slowly enough that
the training sample retains a fixed fraction of the observations, while the mixing
coefficients of the process decay fast enough at the buffer distance to deliver approximate
independence. Algorithm 1 summarizes the complete procedure, including the outer
loop over horizons and the HAC standard error step.
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Algorithm 1 Block Cross-Fitted Doubly Robust Estimator of ARF;,(¢)

Require: {y: e1; : t =1,...,T}, shock size §, maximum horizon H, number of folds K,
buffer length mT, and fold-specific estimators for g;, and r;.
1: forh=0,...,Hdo
2. Set ny, = T —h and partition {1,...,n;,} into contiguous validation blocks
Biy, ..., B

3 fork=1,...,Kdo

4: Form the buffer-excluded training set Iy ;..

5: Estimate §y , from {(e1s, Ys1n) : s € I} and estimate 7y 5 from {e15: s € I, }.
6: Evaluate qAbE;E:F in (16) for all t € By ,.

7 end for  BeE

8:  Average the ordered held-out scores to obtain ARF,,  (¢) in (17).

9:  Estimate standard errors from a HAC estimator applied to {(f)f,(l:F L

10: end for
——BCF
Ensure: {ARF, (6):h=0,...,H}.

The buffer length mt must be chosen to balance two competing requirements: it must
grow fast enough to attenuate dependence between the training and evaluation samples,
yet slowly enough that the training set retains a fixed fraction of the observations. A

practical default that satisfies both is
mt = max{h, fn,l/ﬂ },

which ensures mr — oo and mt/n;, — 0 while keeping the buffer at least as wide as the
forecast horizon. Additional implementation choices, including common-horizon fold

geometry and HAC bandwidth selection, are collected in Appendix C.

3.5 Density Ratio Estimation

The estimator in (DR) requires an estimate 7; of the one-dimensional density ratio
rs(e) = f(e —9)/f(e). The default approach is nonparametric: estimate the marginal

shock density f on each buffer-excluded training fold and form the plug-in ratio

, _ frle—=9)
Pro(e) = fle) (18)

When the marginal shock distribution is credibly parametric, whether because a
distributional assumption is maintained as part of the identification normalization or

because the simulation design fixes it, a parametric plug-in ratio may be used instead. In
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either case, the density-ratio estimate for each fold is trained on the same buffer-excluded
observations as the outcome regression, so each evaluated score remains held out from
both nuisance estimators.

Large shift sizes J create a tail-instability problem. The density ratio compares the
shock density at two points separated by J, so when ¢ is large relative to the spread of
the distribution the denominator f(e) can be small in regions where the shifted density
assigns nonnegligible mass. The difficulty is analogous to weak overlap in treatment-
effects estimation, where inverse-probability or inverse-density weights become unstable
when the relevant assignment probability or density is small. Appendix C describes
the tail regularization and ratio caps used to control this instability. For the original
untrimmed ARF, such caps must diverge asymptotically; fixed caps should instead be
interpreted as targeting a trimmed or stabilized response, as discussed in Remark B.2.

Taken together, the estimator combines three elements. The first is the doubly
robust score (DR), which uses the regression as the primary estimate and applies
the density-ratio weight only to the residual. The second is block cross-fitting with
buffer separation, which ensures that nuisance estimation and score evaluation are
approximately independent despite serial dependence. The third is HAC inference
targeting the long-run variance of the influence score. The double-robustness property
guarantees consistency when either nuisance component is misspecified. The product-
rate condition ensures that the joint estimation error is asymptotically negligible for

inference.

4 Monte Carlo Simulations

Two sets of simulations evaluate the doubly robust estimator. The first demonstrates the
formal double-robustness property: when the regression arm is structurally misspecified,
the density-ratio correction removes the asymptotic centering bias that a standalone
regression estimator carries. The second examines the finite-sample cost of the correction
when the regression is already well matched to the data-generating process (DGP).
Because the DR estimator and a well-tuned regression plug-in share the same first-order
influence score (Proposition 3.2), any RMSE gap in this second exercise should be read as
finite-sample variation from the residual correction rather than as a first-order efficiency
loss. For each design, the figures report both point-estimation behavior and inference:
the estimated response path, mean bias, RMSE, and empirical coverage of nominal 90%
HAC confidence intervals. Bias and RMSE are computed horizon by horizon across

Monte Carlo replications. Coverage is also pointwise in the horizon: the coverage panel
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at horizon h reports the fraction of replications in which the nominal 90% interval for

ARFy(6) contains the true value. All figures are collected in Appendix D.

4.1 Design

The DGP is adapted from Gongalves et al. (2024a). The shock is x; = &1;, where £1; and

g2¢ are independent standard normal draws. The outcome follows
ye=05y;_1+05x+03x,1—04q(x;) —03g(x;_1) + €21, (19)

and the estimand is the unconditional average response function (4). I consider two

functional forms for g that pose complementary challenges for nonparametric estimation:

* ReLU: q(x) = max(x,0). The kink at the origin is poorly approximated by smooth
polynomial bases, so the power series estimator exhibits persistent finite-sample

bias. The local linear estimator, which imposes no global smoothness, adapts well.

e Cubic: q(x) = x>. The high curvature induces substantial bandwidth-driven bias
in the local linear estimator. The power series estimator, which nests the true

specification, performs well.

Each replication discards B = 1,000 burn-in observations before recording a sample of
length T.

The simulation varies T € {250, 500, 1,000, 2,000} and § € {1, 2}, with R = 5,000
replications per design cell. Results are presented as four-row multi-panel figures, one
for each combination of functional form and shock size: columns index the sample sizes
shown in the figure, and rows display the estimated impulse response, mean bias, root
mean squared error, and pointwise empirical coverage of nominal 90% HAC confidence
intervals. The response row reports the Monte Carlo median estimated path together
with the true ARFE. The remaining rows summarize the Monte Carlo distribution horizon
by horizon.

Each figure compares two estimators: a standalone regression estimator of g; and
the block cross-fitted DR estimator (DR), which pairs the same regression §;, with the

fold-specific parametric Gaussian density ratio

de 52
_ , 20

where 07, is estimated from the same buffer-excluded training shocks used for the

19



other fold-k nuisance estimates. Because the shock is Gaussian by construction, this
density-ratio model is correctly specified. Using the parametric ratio throughout both
sets of simulations isolates the contribution of the bias-correction term from the separate
question of how to estimate the density ratio nonparametrically.

The regression specification varies across the two exercises and is described in each
subsection. The DR implementation uses Algorithm 1 with contiguous folds and horizon-

aware buffers.

4.2 Double robustness under structural misspecification

The first set of simulations illustrates the double-robustness property of Proposition 3.1
in finite samples. The regression arm is a linear local projection that omits the nonlinear

term entirely,
Yern = Qp + Py €1 + Wppp,

estimated by OLS. This is the specification a researcher would adopt if unaware of the
nonlinearity. It produces a bias that does not vanish with T: the linear projection
captures only the linear component of the ARF, missing the contribution of . The DR
estimator pairs this misspecified regression with the parametric density ratio (20). The
linear LP is estimated by OLS of y;,, on a constant and &y;.

Figures 1-4 report the results for both functional forms. The standalone linear LP
(dashed) exhibits bias that persists across all sample sizes—the hallmark of structural
misspecification rather than finite-sample imprecision. The DR estimator (solid) removes
most of this centering bias. Because the density ratio is correctly specified, the
augmentation term (rs — 1)(y;.; — §n) reweights the regression residuals to recover
the nonlinear signal that the linear projection discards. The bias reduction is most
pronounced for § = 2, where the nonlinear component of the ARF is largest.

The RMSE panels show that this bias reduction is not the same as uniform finite-
sample MSE dominance. In the easier misspecified cells, the reduction in squared bias
is large enough that the DR estimator is competitive on RMSE. In the large-shift cells,
however, the density-ratio residual correction introduces substantial dispersion, so the
DR estimator can have higher RMSE than the misspecified regression estimator even
while its bias is much smaller. This pattern is especially visible when § = 2.

The coverage panels give the inferential counterpart to the bias panels. The regression-
only HAC intervals severely undercover across the misspecified designs, as expected
when intervals are centered at a structurally biased estimator. HAC standard errors

account for sampling variation around the estimated score, but they do not remove
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the omitted-nonlinearity bias in the center of the interval. The DR intervals have
substantially higher coverage because the correctly specified density ratio carries the
residual correction. This improvement is relative rather than uniform. In the smaller-
shift and less severe misspecified cells, DR coverage is much closer to the nominal 90%
benchmark. In the large-shift ReLU design and especially in the cubic design with § = 2,
coverage can remain below nominal at short and intermediate horizons, reflecting the
tinite-sample difficulty created by large shifts, high curvature, and density-ratio-weighted
residual variation. Even in those cells, however, DR coverage remains far above the

regression-only benchmark.

4.3 Finite-sample trade-off with flexibly estimated regression

The second set of simulations examines the finite-sample trade-off when the robustness
correction is not needed for consistency under the intended flexible regression
specification. The regression arm is now the well-matched nonparametric method: local
linear for the ReLU DGP and power series for the cubic DGP. The local linear estimator
uses a Gaussian kernel with a Fan and Gijbels (1996) rule-of-thumb bandwidth based on
a preliminary polynomial of order 2; the power series estimator uses polynomial order
0.5 T'/3 rounded to the nearest integer. Both follow Gongalves et al. (2024a).

Figures 5-8 show a different trade-off from the misspecification exercise. The
standalone regression estimator generally has low bias and low RMSE, especially in the
smaller-shift designs. This is the case in which the DR correction has little first-order
bias to remove. The residual correction therefore mainly adds density-ratio-weighted
residual variation, and the resulting RMSE cost can be substantial when the shock shift
is large. This is most visible for § = 2, where the Gaussian density ratio is more variable
and residual weighting amplifies finite-sample noise. The RMSE gap should therefore be
interpreted as a finite-sample AMSE trade-off induced by the particular smoothing and
density-ratio choices, not as a direct estimate of a first-order efficiency loss relative to a
root-T regular regression functional.

The coverage panels show why RMSE alone does not summarize the inferential trade-
off. Even in the flexible-regression designs, regression-only HAC intervals generally
undercover. One interpretation is that pointwise smoothing or approximation bias, while
often small on the scale of the response itself, is still nonnegligible relative to the estimated
standard error. A complementary interpretation is scale calibration: the regression-only
HAC intervals may be too short relative to the Monte Carlo dispersion of the smoothed
estimator. The figures show that the DR intervals generally have higher pointwise
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coverage because the orthogonal correction reduces centering error and because the
additional residual-weight variation is incorporated into the HAC score variance. The
large-shift ReLU and cubic designs still display finite-sample undercoverage. The
appropriate conclusion is that the DR correction materially improves coverage at the
same smoothing choices, while leaving a visible finite-sample variance cost in difficult
large-shift designs.

Taken together, the two sets of simulations support the use of the DR estimator when
regression misspecification or smoothing bias is a serious concern. Under structural
misspecification, the correction delivers large bias reductions and much higher coverage
relative to regression-only HAC intervals, although not uniformly lower RMSE. With
flexible regression arms, the correction can raise RMSE, sometimes substantially for large
shifts, but the coverage panels show that this variance cost often buys better calibrated
pointwise inference than regression-only HAC intervals at the same smoothing choices.
The central Monte Carlo message is therefore a bias—coverage-variance trade-off: DR
improves centering and coverage robustness, while residual weighting can raise finite-

sample dispersion.

5 Conclusion

Nonparametric local projections allow researchers to trace impulse responses without
restricting how shocks propagate. Regression-only implementations, however, stake
estimation and inference on a single nonparametric conditional mean for each horizon.
This paper shows that the same average impulse response function admits a second,
density-ratio representation. Shifting the shock distribution is equivalent to reweighting
observations by the ratio of the shifted to the original marginal shock density. Combining
the two representations yields a doubly robust estimator. Consistency requires only that
either the conditional mean or the density ratio be consistently estimated, and first-stage
errors enter only through their product.

Deploying this estimator in a time-series setting requires block cross-fitting with
buffer-separated training and evaluation samples. The buffer attenuates dependence
between nuisance estimation and score evaluation. A product-rate condition ensures
that the joint nuisance estimation error is asymptotically negligible for inference. HAC
standard errors target the long-run variance of the resulting influence score.

The Monte Carlo simulations confirm that the doubly robust correction improves the
calibration of confidence intervals through two channels. When the regression arm is

misspecified, the density-ratio correction removes the centering bias that a standalone
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regression estimator carries. This sharply raises coverage. When the regression arm
is already well matched to the data-generating process, coverage still improves. The
augmented score fully reflects the variation that the HAC estimator targets, whereas
regression-only intervals can be miscalibrated when smoothing or approximation bias
is nonnegligible relative to the estimated standard error. The correction can raise
tinite-sample RMSE for large shock shifts because the density-ratio weight amplifies
residual noise. The central trade-off is therefore between better-calibrated inference and
potentially higher finite-sample dispersion.
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A Proofs of Main Results

This appendix section collects the high-level regularity conditions, formal statements, and
proofs of the main results. The influence-function derivation, one sufficient kernel-rate

verification, and implementation details are separated below.

A.1 Regularity Conditions

Assumption A.1. ¢ = (eyy,...,&x) isi.i.d. across t with mean zero, and the components

€1, - - ., €nt are mutually independent (with variances o).
Assumption A.2. The density f of €;; is bounded, bounded away from zero on compact
sets, and satisfies E[rs(e1;)?] < co.

Assumption A.3. E[y7 ] < coand E[y7., - rs(e1:)?] < oo.

Assumption A.4 (Stationarity and weak dependence). For each fixed horizon #, the
observed process Wi, = (€14, Ys4n) is strictly stationary and strong mixing with
coefficients a(j). There exists 7 > 0 such that E|i; [>T < oo, it a(j)1 2+ < o0, and
the central limit theorem and HAC consistency conditions hold for the influence-function
process {¢} }. The fold-specific block empirical-process condition needed for cross-fitting
is stated separately in Assumption A.6.

Assumption A.5 (Fold-specific nuisance rates). Let n, = T — h, ||a|3 s =E [a(e1s)?],
lall3 ;, = Ela(e1s +6)?], and [[b][3,, = E[b(e1:)?0; (e1:)], where o7 (e) = Var(ys4n | €1t = e).
For each fold k, let g; ;, and 7, ; denote the nuisance estimators trained on Ii ;,, and define

Agk = Sk — Shy Arg = P 5 — 15

Let
S = 188kll2,f; + 1768k ll2,f + |87k |20 + [|ATKAGK|2,

denote the fold-specific score-level nuisance size. The following hold uniformly over the

fixed number of folds:

(a) For consistency:
max Sy = Op(1),  max|P{Are(en)Agi(ere)}| = op(1).
The second condition is implied by the L>(Ps) product bound

max |Agkll2,f - |1ATKl2,f = 0p(1),
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which allows the usual double-robust case in which one nuisance component
is consistently estimated while the other remains bounded in the corresponding
Ly (Pr) norm, provided the displayed score-level envelope condition also holds;

(b) For asymptotic linearity:
max Sy, = 0p(1),  max |P{Ar(e1r)Agi(en)}] = op(m,'2).

A sufficient condition for the second requirement is the product-rate condition

max 1Ak, - |A7E]l2, f = 0p(1,/2).

Assumption A.6 (Sequential block cross-fitting). For each fixed horizon #, the index set
Tn = {1,...,ny} is partitioned into a fixed number K of contiguous validation blocks
Biy, ..., Bk such that ming |By | /1, and maxy |Byj|/ny, are bounded away from zero
and infinity. For By j, = [ay y, by 1], let

Ciu(mr) ={s € Tpragp—mr <s <bep+mr},  Ip =Ty \ Con(mr).
The nuisance estimators §; , and 7y 5 are measurable with respect to the sigma-field
—Fk,h = U{Ws,h 1S & Ik,h}-

The buffer satisfies my — oo, mr/n, — 0, and n}l/ztx(mT)’?/(zﬂ) — 0, where a(-) and 5
are as in Assumption A.4.

Let W = (E,Y) denote an independent copy of W; ), independent of Fj;, and let
P denote expectation with respect to this independent copy. With Agy = & — g and
Ary = i 5 — 15, define

Ax(W) = Agk(E+6) —15(E)Agk(E) + Ark (E){Y — gn(E) } — Ari(E)Agk(E) + P{Arr(E)Agr(E) }-

Conditionally on Fy j, this independent-copy centering satisfies PA; = 0. The buffer and
mixing conditions are strong enough that the corresponding validation-block empirical
process satisfies
2 2

Sk,h

L Y AcWip) ¢ | Fin| =Op (W) +op(n;, 1) (21)

E -
|Binl 157,
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uniformly over the fixed number of folds, where Sy is the score-level nuisance size
defined in Assumption A.5. The op(n}jl) term is the training-validation dependence
error from replacing the actual validation-block centering by the independent-copy P-

centering.

Remark A.1 (Role of the block empirical-process condition). Assumption A.6 separates
two steps that are distinct under time-series dependence. The population term in
Lemma A.1 is an independent-copy expectation, conditional on the fold-specific training
sample. The validation-block average is computed from the actual time series and is only
approximately independent of the training sample because of the buffer. Condition (21)
is the high-level form of the resulting mixing and buffer argument. Under independent
sampling it reduces to the usual cross-fitting second-moment bound. Under strong
mixing, the o,(n, 1) term records the additional training-validation dependence error
controlled by the buffer.

Assumption A.7 (HAC bandwidth and estimated-score replacement). Let

¢in = gnlerr +0) — gulenr) + {rs(ewr) — UH{yern — gnlen)}

denote the uncentered oracle score, so that ¥y = ¢;), — ARF),(0). Letd;), = (ﬁfﬁF — i)
The HAC bandwidth B satisfies By — oo, Br/n;, — 0, and

" 1/2
oY (1)
BT — =0 .
ny = th p

A sufficient nuisance-level condition is that, with Agy = $x, — g, and Ary = 7 5 — 75, the

2}

is 0, (Bt 1), with the corresponding empirical norms controlled by the block cross-fitted

score-level error

max { [ Agilz g, + Irsdgellas + I8rlae + [ Arcag

validation blocks. For the kernel rates in Proposition B.1, this permits standard HAC

("i/S_O(l))

bandwidths satisfying Br = o when the displayed score-level nuisance bound

has the same order as the population nuisance rates.

Remark A.2 (On Assumption A.2). The condition E[rs(e1;)?] < oo is a direct overlap
and tail requirement on the shifted density ratio. It should be verified for the shock
distribution at the shift under study. Many regular polynomial-tailed location families

have rs(e) — 1 in the tails for fixed J, so polynomial tails do not automatically violate the
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condition. By contrast, very light or irregular tails can make the ratio large on parts of the
support. The boundedness of 5 itself is not assumed.

Remark A3 (On Assumption A.3). The condition E[y7 ,r3] < oo is the key moment
restriction. It is satisfied when both y;,;, and €1, have sub-exponential or lighter tails, but
requires verification for specific DGPs. This condition plays the same role as the bounded
support assumption in the treatment effects literature — it ensures the reweighted

moments are well-defined, but is weaker.

A.2 Block Cross-Fitted Empirical Remainders

The next lemma records the empirical-process expansion used in both consistency
and asymptotic normality. It is stated at the high-level nuisance-rate layer; the
primitive kernel rates used to verify those nuisance conditions are collected separately
in Appendix B.

Lemma A.1 (Block cross-fitted empirical remainders). Let Agy = Sk — gn and Ary =
Pr s — 5. Under Assumptions A.4 and A.6,

—~—BCF k1
ARF, —ARF,=— let Z B 0 |P{Ark(81t)Agk(81t)}+Rn " (22)
where
nh—_z Z AWy ) = Op (ngl/zmaxSklh)—l—op( 1/2)
p k= 1t€Bkh k
Consequently, R,y = o,(1) under Assumption A.5(a), and R,; = op(n, Y2y under

Assumption A.5(b). The product-bias term is controlled by the fold-specific population drift
condition in Assumption A.5; the displayed Ly(Ps) product rate in that assumption is one
sufficient verification.

Proof. Fort € By, write E; = e1; and 1y = vy, — g, (E¢). The score difference satisfies

P(Weps i) — ¢(Wens 10) = Agi(Er + 6) — r5(E¢) Agi(Er) + Ari(E¢)ur — Ari(Er) Agi(Er).

For an independent copy W = (E, Y), the density-ratio identity gives

P{Agk(E +6)} = P{rs(E)Agk(E)},
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and the conditional mean-zero property gives

PlAr(E){Y — gn(E)}] = 0.

Therefore, conditionally on the training sigma-field F; j,

P{p(W; i) — p(Wiio) } = —P{Ari(E)Agi(E) }-

Equivalently,

P(Weps k) — ¢(Wi o) = —P{Ar(E)Agi(E) } + Ac(W ),

where Ay is the centered score-difference object defined in Assumption A.6.
Using the identity

__—BCF 1 1K R
ARE,  — ARF; = - Y gr+ m Z Y {oWips k) — d(Wens o)},
t=1 =1teByy

substitution gives

_——BCF 1 i/ " K ‘B h‘ 1 K
ARF,  —ARF, =—) ¢/ — ) P{Ar (E)Ag(E)} +— Y Y Ar(Wyy).
Nh 3 k=1 Mh3 tEBy ),

This proves the algebraic expansion, with

nh :_Z Z AkWth

Mh k=1 fGBkh

It remains to bound R, . By the conditional second-moment bound in
Assumption A.6,

1
m Z AWy ) = Op <|Bkh| —1/2 3kh> +0p(n,, 1/2)
M1 tEBy ),

uniformly over k. Because K is fixed and |By j,| < n;, uniformly over folds,

K 1B 1 _
Ry =) L { Y Ar(Wey) p =0y <”h1/2mf><5k,h) +o0p(n, 1/?).

k=1 ny ’Bk,h’ tEByy
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Under Assumption A.5(a), max; S, = Op(1), 50 R, = Op(11, /%) + 0, (1, 1/%) = 0,(1).

Under Assumption A.5(b), maxy Sk, = 0p(1),50 R, = 0p (n;l/ 2). This proves the result.

]

A.3 Efficient Influence Function

I derive the efficient influence function for 6 = ARF;,(6) = E|gj,(e1; + ) — gn(€14)] stated
in Proposition 3.2. The derivation proceeds in three steps: I characterize the tangent space
of the semiparametric model, compute the pathwise derivative of 6, and verify that ¢; is
the Riesz representer of this derivative in the tangent space.

Step 1. Tangent space. The functional 6 depends on the distribution of the full time
series {z;} only through the bivariate marginal of (e1¢, y;1p,). I work in the bivariate
marginal model: the semiparametric model that treats the joint density of this pair,
ple,y) = f(e)c(y | e), as the observed-data law, leaving both the marginal density f
and the conditional density c(- | e) unrestricted (subject to Assumptions A.2—-A.3). See
Remark A.4 below for the relationship between this model and the full structural model.

Consider a smooth one-dimensional submodel {P, : # € (—¢,€)} through the true
distribution P = Pj, with score

s(e,9) = g logpaley) = si(e) +sae), )
where s1(e) = % log f; (e) }17:0 is the marginal score and s(e,y) = % logc,(y | e) |}7:0 is
the conditional score. These satisfy E[s1(e1;)] = 0 and E[sz(e1t, Ys1n) | €1:] = 0 almost

surely.
The tangent space T of the bivariate marginal model is the L, (P)-closure of the regular
marginal and conditional scores:

Ly(P)
T = {s1(e1t) + s2(e1t,Yssn) : 51 € LY(f), 52 € La(p), Elsz | €] = 0} 2 (24)

This closure is the full space LI(P): any mean-zero square-integrable function h(e,y)
can be decomposed as h(e,y) = E[h(e1, yern) | et = €]+ (h(e,y) — E[h(e1t, Yesn) |
e1r = e]), where the first term has mean zero (by iterated expectations) and the second
has conditional mean zero given ey;. The closure formulation is important because
arbitrary unbounded L; scores need not generate globally nonnegative linear density

perturbations; Lemma A.2 obtains them as L(P) limits of bounded exponential-tilt
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Sscores.

Lemma A.2 (Tangent space of the bivariate marginal model). In the bivariate marginal model
that treats p(e,y) = f(e)c(y | e) as the observed-data density with both f and ¢ unrestricted
(subject to Assumptions A.2—A.3), the tangent space equals (24), i.e. the full L(P).

Proof. Let

To = {s1(e1) + $2(e11, Yran) : 51 € LI(f), 52 € La(p), E[s2 | ens] = 0}.

First consider bounded scores in this class. For bounded s; € LY(f), define the marginal

exponential-tilt submodel

L f@eple) ]
110 = Eeplseyy <€

Holding c(y | e) fixed, this is a regular marginal submodel through f with score s1(e),

since

d

57 10851(0)] _ = 51(e) = Eflsa(enn)] = sa(e).

n=0
For bounded s, € Ly(p) satisfying E[sz(€1t, Yr+1) | €1+ = €] = 0, define the conditional
exponential-tilt submodel
c(y | e) expiysa(e,y);

c e) = , < €.
1019 = Eoplmte i} e = "

Holding f fixed, this is a regular conditional submodel through c(- | ) with conditional

score

0
aloBer(y [€)] | = saley) — Elsaleenn) | e = ¢ = sa(ery).

Thus every bounded element of 7 is generated by a regular submodel.

The bounded tilts also preserve the imposed restrictions locally. Because the tilt factors
are bounded above and below for || small, boundedness of f, bounded-away-from-
zero-on-compact-sets behavior, and the moment conditions in Assumptions A.2-A.3 are
preserved locally. For the marginal tilt, the shifted density ratio satisfies

raste) = P e explysate = o) —si (0,

so E; [rf] 5] < oo follows from boundedness of s; and E[rs(e1;)?] < co. For the conditional
tilt, the marginal density f and hence 75 are unchanged, while the bounded likelihood
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ratio preserves the stated second-moment restrictions.
It remains to pass from bounded scores to the full L,(P) closure. For any s; € L(f),
let Tp1(x) = max{—M, min(x, M)} and define

s,m(e) = tm(si(e)) — Er[tm(si(enr))]-

Then s1 ) is bounded, belongs to LY(f), and s1 5 — s1 in La(f).
Similarly, for any s, € Ly(p) with E[s; | €3] = 0, define

om(ey) = tm(sale,y)),  samley) =ovmley) — E[om(e, yin) | €1 = e].

Then s pr is bounded, satisfies E[sppr | €1;] = 0, and sy — sy in Lp(P). The last

convergence follows because conditional expectation is an L, contraction:

Is2,m — $2l2,p < llom — s2ll2,p + |E[om — 52 | exd]ll2,p < 2[[um — s2l2,p — 0.
Therefore the tangent space contains the L(P) closure of 7. Conversely, any regular
score for a submodel of p(e,y) = f(e)c(y | e) decomposes as

s(e,9) = 501080+ 3010y )] | = s1(e0) +salern),
where E[s1(e1;)] = 0 and E[sy(€14, Y1) | €1t) = 0. Thus no regular score lies outside the
closure of 7.

Finally, every i € L(P) admits the orthogonal decomposition

h(e,y) = E[h(e1, yin) | €10 = €] + {h(e,y) — E[h(e1r, Yi4n) | €11 = €]},

where the first term belongs to LI(f) and the second belongs to Ly(P) with conditional
mean zero. Hence the L (P) closure of 7y is LY(P). This proves that the tangent space of

the unrestricted bivariate marginal model equals L9(P). O

Remark A.4 (Relationship to the structural model). The bivariate marginal model is
weakly larger than the set of bivariate marginals generated by the structural model (1)-
(2), because stationarity and the structural recursion may restrict which pairs (f,c) are
jointly attainable. A larger model has a weakly larger tangent space and therefore a
weakly higher efficiency bound. The bound V;* = Var(¢; ) derived here should therefore
be read as the efficiency bound for the enlarged bivariate marginal model. It is also an

upper bound on the efficiency bound that would obtain from a smaller structural model
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that exploits additional restrictions. The paper does not rely on equality between the

marginal and structural tangent spaces.

Step 2. Pathwise derivative. Under the submodel P;, the marginal density and

conditional mean become f;, and gy, ,. The functional is

007) = [ uyle+0) fyle)de— [ gy (e) fye) de.

Differentiating at 7 = 0, using f;(e) = f(e)(1+ 1 s1(e)) + o(n) and the product rule:

J/

0 (11)

0'(0) = [ ghyle+0) fle)de— [ gi,(e) fle)de + Elsa(enr) (gnlers +0) = gulen))],
D

/

(25)

where g;, (¢) = % Jyey(yle) dy‘;y:o' Since ¢, (y | e) = c(y | e)(1 +1s2(e,y)) +0(n) and

E[sy | €14 = e] = 0, this gives:

/

$hy(©) = [ysale,y) ey | e)dy = Elynsaleyinn) | e =e].

Term (I). Substituting u = e + ¢ in the first integral:

= E[g}, , (1) (rs(ens) — 1)].
Now apply (26) and the tower property:
(1) = E[Elyecnsa(ers veen) | ead] - (rs(ers) = 1)]
= Elyrensa(err, yeen) (rs(ere) — 1)].

Combining (28) and (II):

0'(0) = E[s1(e1) (gn(e1e +6) — gnlenr))] + E[s2(ert, Yern) (roere) = 1) Yon) -
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Step 3. Verification of the Riesz representation. First verify that the candidate
influence function belongs to L9(P). Write

Ei =€y, Yt = Yiin, gt = gn(Er), 9t = gn(Er +9), re = r5(E¢),

so that

Wi = (8rs— &)+ (e —1)(Yr—gt) =0, 0= ARF,(6) = E[g15 — 8t]-

The mean-zero property follows from the definition of § and the conditional mean-zero

residual:
E[yi] = E[gts — 8] — 0+ E[(rt = 1)E[Y: — gt | E¢]] = 0.

It remains to check square integrability. By Jensen’s inequality,

Elgf] = E[E[Y | Y| < E[Y}) < oo,
and, since r% is measurable with respect to E;,

El}e}] < E[RE[Y? | E)| = ElrfY}] < oo

by Assumption A.3. The density-ratio change of measure gives

2 2 o Lproy Lo o

E[gis] = E[rgr] < iE[gt] + EE[rtgt] < 0.

Hence E[(g;5 — §t)?] < co. For the augmentation component,

E[(re —1)2(Y: — g1)*] < 2E[(Yi — 80)°] + 2E[r7 (Ys — g1)°],

where
E[(Y: — g1)*] < E[Y{] <o

and
E[rf (Yt — g¢)%] < 2E[rfY7] + 2E[r7g}] < oco.

Therefore E[(1})?] < oo, so ¢; € LY(P).
With this membership established, it remains to verify that

6'(0) = E[y - s(ert, Yesn)]
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for scores s = s1 + s, in the generating class of the tangent space. Because ¢} € Ly(P),
the map s — E[i/s] is continuous in L, (P), so the identity extends to the L, (P) closure of
that class, namely to all of 7.

Expand E[y} - s] into three terms using the decomposition of ;"

(a) Regression term.

E[(gn(e1t +0) — gnlenr)) (s1(exe) +s2(e1t,Yrin))]

= E[(gn(e1t +0) — gulenr))s1(enr)]| + E[(gn(err +0) — gu(enr)) Elsz | €] ]
=0

= E[(gn(e1r +6) — gn(enr))s1(en)]- (30)
This matches term (II) in (29).

(b) Augmentation term.

E[(rs(e1r) — 1) (Yesn — Sn(enr)) (s1(exe) +s2(e1e, Yesn)) |

= E[(rs — 1) E[ysn — é:ii(ﬁu) | e1¢] -s1(e1)] + E[(rs(e1r) — 1) (Y — Sn(enr)) s2(€1e, Yern)]
=0

= E[(rs(e1r) = 1) Ygnso(err, Yern) | — E[(rs(err) — 1) gu(err) iSz\I,ﬂl]

=0
= E[(rs(e1r) — 1) Yernsa(ert, Yesn)]- (31)
This matches term (I) in (29).
(c) Centering term. E[6 - s] = 0 - E[s] = 0 because s € L(P).
Adding (30)—(31) recovers (29), confirming that
0'(0) = E[f - s(e1s, ysun)] foralls e T. (32)

Since the tangent space equals LI(P), the function ¢} is the efficient influence function.
Thus ¢} is the canonical gradient in the unrestricted bivariate marginal model. In the

corresponding i.i.d. marginal experiment, the semiparametric efficiency bound is
Vi = Var(y}).

For the stationary time-series estimator, the first-order score remains ¢;, but the

asymptotic variance is the long-run variance of the score process. u
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Remark A.5 (The orthogonal decomposition). The verification reveals why the two
components of ¢; are orthogonal (as recorded in Appendix A.4). The regression term
gn (et +0) — gn(eqy) is measurable with respect to €1; alone, while the augmentation term
(rs —1)(yson — gn(€1¢)) has conditional mean zero given ¢e1;. Their covariance therefore
vanishes by the tower property, yielding the variance decomposition (VD).

A4 Variance Decomposition and Plug-in Comparison

Let

my(e) = gnle+6) —gule),  wpin = yin—gnlen),  o2(e) = Var(ypy | e1r = e).

Because E[u;y, | €1;] = 0, the contemporaneous covariance between my(e1;) and
(rs(e1r) — 1)us1y is zero. The marginal-model variance therefore decomposes as

Vi, = Var[my,(e1;)] + E [(Vé(glt) - 1)2‘72(51t)] : (VD)
N — -~ -,
Vp?racle Vaug

h

The first term is the variance of the infeasible estimator that averages m,(e1;) with gy,
treated as known. It is not generally the asymptotic variance of a feasible nonparametric
regression estimator. For example, if y;,, = a + bey + uyyy, then my(e;) = bd and
V]frade = 0, but a feasible regression estimator must estimate b and has positive sampling
variance unless u;,j, = 0.

The second term is the residual-noise component generated by the Riesz representer
of the functional a — E[a(e1; + ) — a(e1;)]. That representer is 75(¢1;) — 1 because

Ela(e1; +6) —a(enr)] = E[(rs(e1r) — V)aler)].

A pure reweighting estimator based solely on (R) has score y;,,(rs — 1) — ARF;,(6) and
generally adds unnecessary variation by weighting the conditional mean itself; this is
why reweighting is used here as an augmentation device rather than as the primary
estimator.

The comparison with a feasible regression plug-in should be read narrowly. If a
regression plug-in is tuned so that

1 &
Areg _ -1/2
0, ° — ARF;,(4) = n—hg’ﬁ +op(n;, " "7),
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then it is first-order equivalent to the block cross-fitted DR estimator under
Proposition A.2. This observation is only a benchmark: conventional regression-only
nonparametric LPs may have smoothing or misspecification bias, whereas the DR

estimator removes first-order regression bias whenever the density-ratio arm is correct.

A.5 Consistency of the Block Cross-Fitted DR Estimator

Proposition A.1 (Double robustness of the block cross-fitted estimator). Under
Assumptions A.1-A.6 and Assumption A.5(a),

——BCF
ARF, (5) & ARF,(5)

as T — oo. The boundedness requirement on the misspecified component is part of
Assumption A.5(a); trimming and capping provide finite-sample envelopes but do not remove
the need to control diverging caps asymptotically.

Proof. Let

P(Wins g 1) = gler +6) — glexr) + {r(ewr) — LH{yrn — g(ew) }

where W; ), = (e14,Ys4p). For t € By, write iy = ($kp, xs) and 170 = (gn, 7s5). The block
cross-fitted estimator satisfies
1 I 1

——BCF "
ARF, —ARF, = " Y i+ o
t=1

K
k_Zl Y {oWep k) — ¢(Wenimo) }-

tEBk,h

Conditioning on the training sigma-field for fold k, the population drift of the second

term is
P{p(W;1ix) — p(W;10) } = —P{(Prs — 75) (S — 81) }

where the density-ratio identity converts P[g;(E + 6) — $xn(E)] into P[(rs(E) —
1)8xn(E)]. Thus the population drift is 0,(1) by Assumption A.5(a). One sufficient

verification is the Cauchy-Schwarz bound

|P{(Px6 —75)(Skn — 1)} < Pks — rollar 18,0 — &nlla,fs

together with the L,(Ps) product condition stated in Assumption A.5(a). Lemma A.1
gives the corresponding centered block empirical-process term as 0,(1) under the score-
level envelope condition in Assumption A.5(a). Finally, n, ' ¥, ¢} = 0,(1) by the weak-
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dependence law of large numbers. O

A.6 Asymptotic Normality

Proposition A.2 (Asymptotic normality of the block cross-fitted DR estimator). Under
Assumptions A.1-A.6 and Assumption A.5(b),

Vi (ARE, . (6) — ARF,(6)) % N(0, =) (33)
where -
Ty = ), Cov(yi, ¢ ).
j=—o0
The contemporaneous variance V' = Var(y;) is recovered only when the nonzero-lag

autocovariances vanish. Finite lag order in the structural recursion does not by itself imply this
condition. If Assumption A.7 also holds, the long-run variance estimator based on the estimated
block cross-fitted scores is consistent for X

Under Assumption A.7, the long-run variance can be estimated by a Newey—West
HAC estimator

Br
2 =F0+ Y x5, () (95 + 7). (34)
=1
§i=— Z G b ke () =1- - (35)
Mh =i Br+1

~ A /‘\BCF . .
where gbf,fF = qbf}fp — ARF,, (9), « is the Bartlett kernel, and By — oo with Br/T — 0.
A fixed bandwidth proportional only to the horizon is justified only under a genuine
finite-dependence assumption, which is stronger than finite lag order in the structural

equations.

Lemma A.3 (HAC replacement for estimated scores). Let

2 ~=aBCF * * *
o= dp- —ARE, (6),  qfy = ¢iy — ARF, () = 9.

Let %5,(4) denote the HAC estimator computed from {d;,} and let £,(q*) denote the
corresponding infeasible HAC estimator computed from the known-mean-zero oracle scores {q; ; }.
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Under Assumptions A.4 and A.7,

Zn(q) —
Consequently, if the infeasible HAC estimator based on qj, is consistent under Assumption A.4,
then the feasible HAC estimator based on (pBCF is also consistent.

Proof. For any scalar sequence a;, write

A

=— Z apae_j, Y (a) +ZKBT H{7(a) ~(a)’}.{”y]-(a)+’?j(ll)'}-

Mh 4= j+1

In the scalar case §;(a)" = 4;j(a), but this notation matches the HAC display above.

Write
1 ny 1 ny

dth—(PBCF 4):}1, d :_Zdth/ q :_Z%h
Since ,
/\BCF 1 h —
ARF, = n Z = ARFy,(0) + g; + dp,

we have the exact identity
Gen = Gip — G5 4 (dej — dp).
Let
‘ﬁ,h = qf,h — erp = dpj — dp.
Then
Gen = drp + -

We first compare the feasible HAC estimator with the sample-centered oracle HAC

estimator. Let [|a||2 = n, ' Y}, a?. For each j < By, Cauchy-Schwarz gives

V(@ +e) = 4 @)| < 2015 [nllelln + llell7-

No separate endpoint term is needed: the truncated sums defining §; are dominated by

the full-sample empirical norms. Assumption A.7 implies
Brllelln < 2Br||d[[n = 0p(1).

The weak-dependence and moment conditions imply ||§*||, = Op(1). Since the kernel
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weights are bounded,

[20(9) = Za(d)] < CBr{Op(D)leflu + llell3} = 0p(1).

It remains to compare the sample-centered oracle HAC estimator with the known-
mean-zero oracle HAC estimator. Let S,, = Zt 1 qt y» 50 that q; = S, /ny,. Also define the
endpoint partial sums

j 1y,
- * + *
S] = Z‘h,h/ Sj = Z dtns
=1 -

with S5 = S = 0. For every 0 < j < Br,
e ‘ 7
ww>—ww>=—(r+é)wm +hiss ),

By the central limit theorem for {q;,}, 7;, = Op(n, 1/2) " The same mixing and moment
conditions imply E[(S )?] < Cjand E[(S+) ] < Cj, uniformly over j < Br. Therefore

Enirr-w1=0r () or ((3)) <o

because Br/nj, — 0. With bounded kernel weights,

Combining the two comparisons gives

A

2u(4) -
as claimed. n
Proof of Proposition A.2. By Lemma A.1,
——BCF 1 "t K Bk h A A —
ARF, "~ AREy = L} g7 = 3 P Py — 1) s — 90} + 0y, )
t= k=1

1/2)

The product-bias term is o0,(n, by the population product-drift condition in
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Assumption A.5(b). A sufficient verification is the Cauchy-Schwarz bound

max [P{(Ps —75)(Skn — &)} < max 1Pk — rollo,f 18k — Snlloy = 0p(n /).
Therefore
_—~—BCF 1 ny .
Vi (ARF,  — ARFy) = —= 3 ¢} +0,(1).
t=1

The stated weak-dependence and moment assumptions imply a central limit theorem
for the partial sum of ¥; with long-run variance ;. Under standard kernel long-run-
variance conditions of the Newey—-West/Andrews type, imposed here at a high level in
Assumption A 4, the infeasible HAC estimator computed from the oracle score sequence
{;} is consistent (Newey and West, 1987; Andrews, 1991). Lemma A.3 then transfers
this consistency from the oracle score sequence to the feasible block-cross-fitted score

sequence when Assumption A.7 holds. O

Remark A.6 (Score-level envelopes and product drift). Assumption A.5 separates two
requirements. The population product drift can be verified by the usual Cauchy-Schwarz
product bound

|P{Ari(e1:)Agk(e1s) | < || Arkllo g [[AGK 2, f-

This is the source of the double-robust product structure. The centered empirical-
process remainder, however, is controlled by score-level norms, including ||7;Ag||2,r and
|ArkAgkll2,r- These terms are not implied by the unweighted Ly(Pf) product bound
unless additional boundedness, higher-moment, or clipping conditions are imposed.
Capping the density ratio at My and winsorizing the regression at Ly provide finite-
sample envelopes, but if the caps diverge with the fold training size so that the original
AREF remains the target, the corresponding score-level envelope conditions must still be

verified or imposed as high-level conditions.
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B Primitive Rate Conditions

This appendix supplies one sufficient primitive route for the Ly(Pf) product-drift
verification in Assumption A.5(b). It is not needed for identification, double robustness,
or the influence-function expansion, all of which rely on the high-level conditions in
Appendix A. The conditions below verify fold-specific population rates for trimmed and
capped kernel-based nuisance estimators. The block empirical-process control is supplied
separately by Assumption A.6 and Lemma A.1. The HAC estimated-score replacement
condition is supplied separately by Assumption A.7 and Lemma A.3. Thus the primitive
kernel argument below should be read as one sufficient implementation-level verification,
not as a maintained condition for the dual identification result or for double robustness
itself.

Assumption B.1 (Smoothness and tail/log-ratio control). (a) The density f satisfies f €
C2(R) with £, f', f" € L1(R) N La(R) and sup, ek ) (e)| < oo for j,k € {0,1,2}. (b) The
density has two-sided Gaussian-type tail control on the effective support: for sufficiently
large |e],

CL exp(—CLez) < f(e) <cuy exp(—CueZ), 0<Cy<CL <o,
for positive constants ¢y, cyy, Cr, Cy, and |0¢log f(e)| < C(1+ |e|) wherever f(e) > 0.
(c) The conditional mean g; € C*(IR) with [(g}/(e))?f(e) de < oo.
Assumption B.2 (Moments). E[y}, ] < oo, E[g;(e1;)*] < 00, and E[rs(e1)*] < oo.

Assumption B.3 (Conditional variance integrability). The conditional variance o7 (e) =

Var(y,p, | €1 = e) is bounded: sup, 02 (e) < oo.

Assumption B.4 (Kernel and bandwidth). The kernel K is a bounded, symmetric, second-
order kernel with [[K =1, up = [u2K(u)du # 0, R(K) = [ K*(u)du < oo, and K(u) > 0
for all u. For each fold, with training size Ni;, = |I;;|, the bandwidths satisfy box =
Nk_/hl/S(log Nk,h)l/lo and bf/k = Nk_’hl/S(log Nk/h)l/lo.

Assumption B.5 (Denominator stability and interior ratio regularity). Let cy — co with

cn = O(4/logny,), and define
Sy ={e:le] <cn, l[e=6] <cn}

Let



Uniformly over folds,

max ay' sup |fi(e) — f(e)| = 0p(1).

1<k<K EGSN

A sufficient primitive condition for this display, under the standard uniform kernel-

log N,

-1 )32 " S Nkh

max a b%, su e)|+ 4]/ ——=  =0(1),
12kek N { f'keeSpN £ (e)] \/ Nk,hbf,k} (1)

with the usual weak-dependence adjustment under Assumption A.4. For the fixed shift

density bound, is

6, the weighted curvature term

e

[ (f"e=9))*+rs(e)*(f(e))?
Av = /N ]6(63S i

satisfies Ay = nz(l). Also,

/SN{”(@) +r5(e)?}y de = ndY.

The rate calculation controls population norms of the nuisance errors for the kernel
implementation. It is phrased as an interior one-dimensional kernel rate plus explicit
tail and clipping remainders. For unbounded shocks, the effective-support and clipping
remainders must be checked, imposed, or interpreted as defining a stabilized target.

The rate calculation controls population norms of the nuisance errors for the kernel
implementation. It is phrased as an interior one-dimensional kernel rate plus explicit
tail and clipping remainders. For unbounded shocks, the effective-support and clipping
remainders must be checked, imposed, or interpreted as defining a stabilized target.

Trimmed and capped estimators. For fold k, let Ny, = |Ii ,|. Use the effective support
Sy and density floor ay from Assumption B.5. Let f; be a kernel density estimator of f
computed from {es : s € Iy } with bandwidth by ;. Define the clipping maps

IT_p, 1y (x) = min{max(x, —Ln), Ln}, ITjo a1y (x) = min{max(x,0), My }.

The formal regression nuisance used in the rate calculation is
$hn(e) = _p 1 {8kn(e)} I{e € Sy, file) > an},
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where Ly — o0 is a regression envelope. The formal density-ratio nuisance is

?%5(6) = H[O,MN] {f%} ]I{e € Sn, fk(e) > ﬂN} +1- ]I{e ¢ Sy or fk(e) < ZZN},

where My — oo caps extreme ratio estimates. The default value 1 outside the stable
region ensures that 7] ; — 1 = 0 there, so trimmed observations do not contribute to the
augmentation term. The continuous clipping map is used only to stabilize finite-sample

tails and is nonexpansive on [0, o).

Define the regression tail and winsorization remainder

TN = IgnI{ SNl r + Ign TSNz g5 + I1(18nl = L)+ 12,5 + 1 (Ign] = L)+ 2,55

Define the density-ratio tail and clipping remainder

TN = [[(rs = DI{SK}

o.f F (s = DI{SK 2o + [ (rs = M)+ llo,r + [ (rs = Mn)+ |20

Here (x)+ = max{x,0} and the o-weighted terms are omitted when the bounded-
variance condition in Assumption B.3 is used to reduce them to unweighted L (Py) terms.
For the score-level envelope check below, also define

Ry = sup rs(e),
eeSN

TrgN = 7sgnl{SN Hl2,f + RnII(I81] — LN)+1l2,f/
and

AN = [(rs = D)gnI{SK}Hl2,r + (Mn + Rn) (11| — L) +l2,f-

Here (x)+ = max{x,0} and the o-weighted terms are omitted when the bounded-
variance condition in Assumption B.3 is used to reduce them to unweighted L, (Ps) terms.

Proposition B.1 (Fold-specific population-rate verification with explicit tails). Suppose
Assumptions A.1-A.4 and Assumptions B.1-B.5 hold. Let é be fixed as T — oo, let K be fixed,
and suppose Ny, = |Ix | < ny, uniformly over folds. Choose My — oo and Ly — oo as above.
Then, uniformly overk =1, ...,K,

18T, — &nllas + 11855 — gullas, = Opiny, > (logny) 4} + O(TeN), (36)
L5 = rsllag + IFLs — rsllae = Op{m, > W log m) 4} + O(mn).  (37)
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Consequently, the sufficient Lo(Ps) product-drift verification in Assumption A.5(b) holds
whenever

<n52/5(10g n) 4+ Tg,N> (n;2/5+o(1) (log nj,) /4 + Tr,N> = o(ngl/z).
—-2/5

In the special case in which Ty = o{n, */°(logny)'/*} and ©,n = o{n;2/5+0(1)(10g n,)V/4},
this reduces to the simpler product rate

A " —4/540(1 —
max gty — gulla 17ig — 7slla,s = Op{m, "V (log m) '/} = 0, (m, ).

The displayed conclusion verifies the population product-drift component of Assumption A.5(b).
It does not replace the score-level envelope requirement in Assumption A.5(b), the block
empirical-process condition in Assumption A.6, or the estimated-score replacement condition in
Assumption A.7. When the shock density fy is known up to a finite-dimensional parameter
0o estimated at the \/ny, rate within each training fold, the interior part of (37) improves to
Op(n,, Y2) under standard differentiability of rs(-; 0), provided

E[l0ors(e1s;00)I%] <o and  E[[9grs(e1s;00) |20 (enr) | < oo.

Proof. The proof is a rate calculation for population norms within a generic fold. Because
K is fixed and Nij; =< nj;, uniformly over folds, the same orders hold uniformly over k.
Empirical-process control is supplied separately by Lemma A.1.

Regression rate. On Sy, the local-linear denominator is stable by the density lower
bound and Assumption B.5. Standard local-linear regression theory under the weak-

dependence and moment conditions gives the integrated interior bound

Op (bé,k) + Op ((Nk,hbg,k) _1/20}\]/2>

in L, norm over the effective support, with lower-order covariance terms controlled by
Assumption A.4. For cy = O(y/logn;,) and bei = Nk_,hl/‘r’(log Niy)'/19, this bound is no
larger than Op{n, 2/5(logny,)/*}. The observations outside Sy and the winsorized part
contribute at most 7, y by definition. This proves (36).

Density-ratio rate. On the stable interior, define the untrimmed plug-in ratio

Fale) = 2 =9)

fr(e)

The denominator-stability event in Assumption B.5 implies inf,cs, frle) > ay with
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probability approaching one. On this event, a first-order expansion gives

rsle) —rs(e) = Afile = 5)f_(e;5(e)Afk(e) + Remy v (e), Afy = fi — f.

The remainder is of smaller order in the integrated norms below because the denominator

error is 0, (ay) uniformly on Sy. The kernel density estimator satisfies the usual one-
dimensional mean-square bound

E{Afi(u)?} = Ofb 4 (f"())*} + O{f () / (Nisbyi)}-
Multiplying the squared linearized error by f(e) and integrating over Sy gives

4 1 2
Op(bf,kAN)wp(—Nklhbﬂk [ {rs(e) + ey de )

Assumption B.5 makes this
—4/5+0(1
Op{m, > (log m,)'/2)

for the squared Ly(Ps) norm. The same bound applies to the o-weighted norm under
Assumption B.3. The continuous clipping map satisfies

T a1y (%) = 75(e)| < |x —715(e)| + (rs(e) — Mn)+

for x > 0. The observations outside Sy and the clipped part therefore contribute at most
T, N by definition. Taking square roots yields (37).

Multiplying the total regression and ratio bounds gives the stated sufficient condition
for Assumption A.5(b). For the parametric density-ratio statement, write a first-order
expansion

rs(e;0) — r5(e;00) = dgr5(e;60) (B — 60) + 0p (11, /?)

in the relevant L, (Ps) and o-weighted norms. The derivative integrability conditions and

/Tip-consistency of 6 give the claimed Op(n, 1/2) interior ratio rate. O

Corollary B.1 (A sufficient score-level envelope check). Let the conditions of Proposition B.1
hold. Define

—2/540(1
2/5( 1/4 + TN, N =1 of )(log nh)1/4

pg N =1, 7 (logny,) + T N-
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Suppose, in addition, that
RNPg,N + Trg,N = 0(1)

and
LnorN + AN = 0(1).

Then the trimmed and capped kernel nuisances satisfy

7s(8in — &) llor = 0p(1)

and
(s — 75) (880 — 8n)llo,p = 0p(1)

uniformly over k = 1,...,K. Together with Proposition B.1, these displays give one sufficient
primitive envelope check for the score-level nuisance size in Assumption A.5(b).

Proof. For the weighted regression term, split the norm over Sy and S5. On Sy,
rs(e) < Ry, so the interior contribution is bounded by Ryl ng n — 8Snllo,f up to the
winsorization tail included in T,¢n. Outside Sy, the formal regression nuisance is
zero and the contribution is controlled by |[|rsgsI{ Sy }2,- The first claim follows from
RNpg,N + Trgn = 0(1).

For the product-score term, split according to whether |g;| < Ly. On the set |g;,| <
Ly, the regression error satisfies | ng , — 8nl < 2Ly, so the contribution is bounded by
2LN ||f’kT 5 — "éll2,r- The remaining part is controlled by the tail term 75 n. The second claim
follows from Lyp, N + Tan = 0(1). O

Remark B.1 (Role of the tail/log-ratio condition). Assumption B.1(b) is stronger than an
upper tail bound. The lower tail bound controls the denominator density on the effective
support. The log-ratio bound controls f(e — )/ f(e) uniformly over the region where the
kernel density estimator is used. The weighted curvature condition in Assumption B.5
is what turns the pointwise density-estimation error into an integrated L»(Ps) density-
ratio bound after division by f(e). A one-sided sub-Gaussian upper bound alone is
insufficient, because the denominator f(e) may still be too small or irregular to control the
ratio. These tail and curvature restrictions are not maintained for the main identification
or double-robustness results. They are only one sufficient route for proving the kernel
plug-in density-ratio rate in Proposition B.1. The high-level theory in Appendix A
instead requires the moment, overlap, score-level, block empirical-process, and HAC
replacement conditions stated there.
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Remark B.2 (Fixed shifts and large-shift overlap). Proposition B.1 treats § as fixed. Under
Assumptions B.1 and B.5, the ratio bound on the deterministic effective support is nz(l)
for any fixed shift. Thus no additional local-to-zero restriction on |5| /oy is needed for the
interior kernel calculation. The tail and clipping contributions remain explicit through
To,N and 7, n. They may bind in finite samples or under aggressive effective-support
choices. Large |4| can still produce unstable weights and poor overlap. The continuous
ratio cap stabilizes the finite-sample implementation and avoids discontinuities from false
hard-threshold clipping. For consistency for the original untrimmed AREF, the cap My
must diverge with T. If a fixed cap is used instead, the estimator should be interpreted as
targeting a trimmed or stabilized version of the ARF. Within the DR framework, density-

ratio bias enters through the product with the regression error.
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C Implementation Details

C.1 Buffer Length, Fold Geometry, and HAC Bandwidth

A practical default buffer is
mt = max{h, fn}ll/ﬂ |3

or, when estimating a full path & = 0, ..., H with a common fold geometry,
mr = max{H, [(T — H)/4]}.

The exponent is not essential. The formal conditions require mr — oo, mr/n;, — 0, and
sufficiently fast decay of the mixing coefficients at the buffer distance. Small fixed choices
such as mt = h are useful sensitivity checks but are not the asymptotic default.

The same fold geometry can be used for all horizons by working on the common base
sample {1,...,T — H}. This sacrifices the final H — h observations for shorter horizons
but simplifies joint inference for the full impulse-response path. For joint bands, form the
vector of cross-fitted scores across horizons and apply a vector HAC estimator.

Asymptotic normality (Proposition A.2) and the estimated-score replacement
condition in Assumption A.7 imply that valid confidence intervals can be constructed
from a HAC estimator of the long-run variance of @EISF . A finite lag order in the structural
recursion does not by itself imply finite dependence of the score; in autoregressive
systems the score can have serial autocovariances at arbitrarily long lags. Accordingly,
the HAC bandwidth should follow a standard sequence with By — oo and Br/T — 0
under weak dependence, with the additional restriction that the estimated-score error is

small relative to By 1

C.2 Density-Ratio Estimation
The main text only requires a fold-specific estimate of rs(e) = f(e — )/ f(e) trained on

the same buffer-excluded observations as the outcome regression.

Plug-in kernel density ratios. Estimate f from the training shocks {15 : s € Iy}, } using
a standard kernel density estimator fk, then form

Prole) = —Ak(f =9,

fr(e)
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This approach inherits standard one-dimensional density-estimation theory. Its main
practical weakness is tail instability when fi(e) is small. The formal trimmed and capped
version in Appendix B controls this instability through fold-specific density floors and
ratio caps. For consistency for the original, untrimmed ARF when the true ratio is
unbounded, the floor must vanish and the cap must diverge with the fold training size; a

fixed cap instead targets a stabilized estimand.

Parametric plug-in density ratios. When the marginal shock density is credibly
modeled by a low-dimensional family f;, estimate 7 on each fold’s training shocks and

set
Prole) = —ﬁ;;j (;)5) :

This is the approach used in the Monte Carlo exercises, where the shocks are Gaussian by

construction. For a mean-zero Gaussian shock with variance o2,

with o7 replaced by its training-sample estimate in feasible block cross-fitted

implementation. The parametric route is attractive when the first-stage structural shock
normalization makes the marginal distribution plausible and stable, but it gives up the

nonparametric robustness of the kernel plug-in ratio if the shock density is misspecified.
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D Monte Carlo Figures

Computations were performed using the Wake Forest University High Performance
Computing Facility (Information Systems and Wake Forest University, 2021).
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Figure 1: Misspecified regression. DGP with ReLU nonlinearity g(x) = max(x,0)
and shock size § = 1. Each column corresponds to a sample size T; rows show the
estimated ARF, mean bias, RMSE, and 90% coverage. Dashed: linear LP omitting
the nonlinear term; solid blue: DR estimator pairing the same misspecified
regression with a parametric density ratio. Coverage is pointwise by horizon.
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Figure 2: Misspecified regression. DGP with ReLU nonlinearity g(x) = max(x,0)
and shock size § = 2. Each column corresponds to a sample size T; rows show the
estimated ARF, mean bias, RMSE, and 90% coverage. Dashed: linear LP omitting
the nonlinear term; solid blue: DR estimator pairing the same misspecified
regression with a parametric density ratio. Coverage is pointwise by horizon.
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x3 and

shock size 6 = 1. Each column corresponds to a sample size T; rows show the
estimated ARF, mean bias, RMSE, and 90% coverage. Dashed: linear LP omitting
the nonlinear term; solid blue: DR estimator pairing the same misspecified
regression with a parametric density ratio. Coverage is pointwise by horizon.
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Figure 4: Misspecified regression. DGP with cubic nonlinearity q(x)

x3 and

shock size 6 = 2. Each column corresponds to a sample size T; rows show the
estimated ARF, mean bias, RMSE, and 90% coverage. Dashed: linear LP omitting
the nonlinear term; solid blue: DR estimator pairing the same misspecified
regression with a parametric density ratio. Coverage is pointwise by horizon.
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Figure 5: Flexibly estimated regression. DGP with ReLU nonlinearity g(x) =
max(x,0) and shock size § = 1. Each column corresponds to a sample size T; rows
show the estimated ARF, mean bias, RMSE, and 90% coverage. Dashed: flexible
regression LP; solid blue: DR estimator pairing the same flexible regression with a
parametric density ratio. Coverage is pointwise by horizon.
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Figure 6: Flexibly estimated regression. DGP with ReLU nonlinearity g(x)

max(x,0) and shock size § = 2. Each column corresponds to a sample size T; rows
show the estimated ARF, mean bias, RMSE, and 90% coverage. Dashed: flexible
regression LP; solid blue: DR estimator pairing the same flexible regression with a
parametric density ratio. Coverage is pointwise by horizon.
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Figure 7: Flexibly estimated regression. DGP with cubic nonlinearity g(x) = x°

and shock size § = 1. Each column corresponds to a sample size T; rows show the
estimated ARF, mean bias, RMSE, and 90% coverage. Dashed: flexible regression
LP; solid blue: DR estimator pairing the same flexible regression with a parametric
density ratio. Coverage is pointwise by horizon.

60



0.10

1 2 3 4 5 6 -0.05 0.00 0.05

0.4 0.8

0.0

Impulse response, T=250

Impulse response, T=500

Impulse response, T=1000

Impulse response, T=2000

T T 1 T T T T T B T T T T T T T T T T T T
Bias, T=250 Bias, T=500 Bias, T=1000 © Bias, T=2000
=}
4 IPIRN VAR
R I Ny P war
\ ’ o ‘\,' = C57 /’ R ’
K ! N \ !
v b «~ |y ! N
A / 3 ﬂ. 2N/
T ? '
\__/ f ’
R g | S
T T T T T 1 c|> T T T T 1 ? T T T T 1 T T T T 1
RMSE, T=250 RMSE, T=500 RMSE, T=1000 RMSE, T=2000
[oe] (‘:17 0 -
© ] N7
©
® -
< © -
~ -
< -
o~
_________________ (SIS "'*_________________
o o4 " o -
T T T T 1 T T T T 1 T T T T 1 T T T T 1
Cov. 90%, T=250 Cov. 90%, T=500 Cov. 90%, T=1000 Cov. 90%, T=2000
@ @® | @® |
—"¥_— [=} k [=} [=}
7’,’\\ -\ 7/\__/‘ 7/\’—
" < | N < |- < | -
i ° i o AN o - .
= N o | i o | i
— T 1 T T 1 T 1 @ T Trr7r 11111 @ T 71 1 1 1T T 1T © T T T T T T T 1
01 2 3 45 6 7 01 2 3 45 6 7 01 2 3 45 6 7 01 2 3 45 6 7
—— Truth --- Regression — DR
Horizon

Figure 8: Flexibly estimated regression. DGP with cubic nonlinearity g(x) = x

3

and shock size § = 2. Each column corresponds to a sample size T; rows show the
estimated ARF, mean bias, RMSE, and 90% coverage. Dashed: flexible regression
LP; solid blue: DR estimator pairing the same flexible regression with a parametric
density ratio. Coverage is pointwise by horizon.
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