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Abstract

Nonparametric local projections estimate impulse response functions without
functional form restrictions, but their performance depends entirely on the quality
of the conditional mean regression — a vulnerability for which existing estimators
offer no built-in safeguard. I propose a doubly robust estimator that augments the
standard regression-based approach with a bias correction based on the density ratio
of the shock. The estimator is consistent when either the conditional mean regression
or the density ratio is correctly specified, and it attains the semiparametric efficiency
bound when both converge at sufficient rates. I derive this bound and show that it
decomposes into the variance of the regression-based estimator plus an augmentation
term that measures the cost of robustness. Monte Carlo simulations confirm
the double robustness property under structural misspecification and quantify the
efficiency-robustness trade-off.
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1 Introduction

Macroeconomic dynamics may be highly nonlinear: structural shocks can produce
asymmetric effects, state-dependent propagation, and shifts in the shape of outcome
distributions that linear methods cannot detect. Nonparametric local projections impose
no functional form on how shocks propagate and are designed precisely for this setting
(Gongalves et al., 2024a). Yet the performance of existing regression-based estimators
depends on a single object: the nonparametric regression of the outcome on the shock.
If that regression is a poor approximation to the truth, whether because of bandwidth
misspecification, curse-of-dimensionality bias, or an inadequate estimator, the resulting
impulse responses inherit the error.

This paper develops doubly robust estimation methods for nonparametric local
projections. I propose an estimator that augments the standard conditional mean
regression with a bias correction based on the density ratio of the structural shock
— a univariate object regardless of the dimension of the underlying model. The
estimator is consistent when either the conditional mean regression or the density ratio
is well estimated, attains the semiparametric efficiency bound when both converge at
appropriate rates, and permits asymptotically valid inference via its influence function.

The paper brings together several strands of the literature. Gongalves et al. (2024a)
formulate nonlinear impulse response estimation as a potential outcomes problem and
propose a two-step estimator based on nonparametric regression of the outcome on
the structural shock; I adopt their structural model, potential outcomes definitions, and
identification results as the starting point for the analysis. Angrist et al. (2018) apply
inverse propensity score weighting to estimate the effects of monetary policy shocks
modeled as a discrete treatment, establishing an early precedent for reweighting methods
in impulse response estimation. In the treatment effects literature more broadly, Robins
et al. (1994) introduce the augmented inverse-probability-weighted estimator, Hirano
and Imbens (2004) develop the generalized propensity score for continuous treatments,
Kennedy et al. (2017) extends doubly robust methods to continuous treatment settings,
and Chernozhukov et al. (2018) provide a general framework for debiased machine
learning with flexible nuisance estimation via sample splitting. In a complementary
direction, Montiel Olea et al. (2024) establish a double robustness property of standard
linear local projections, showing that LP bias under dynamic misspecification is
proportional to the product of errors in the outcome and first-stage lag specifications —
a result that strengthens the case for local projections in the linear setting. The present

paper adapts tools from semiparametric efficiency theory to the nonparametric impulse



response setting, where serial dependence in outcomes, the continuous and unbounded
nature of structural shocks, and the availability of i.i.d. shock sequences create both new
challenges and new simplifications relative to cross-sectional applications.

The paper makes two contributions. First, I propose a doubly robust estimator that
combines nonparametric regression of the outcome on the shock with a univariate density
ratio bias correction. The density ratio reweights the observed shock distribution to match
the counterfactual distribution that would prevail if every shock were shifted by a given
amount; because it depends only on the marginal shock density, the correction term
avoids the curse of dimensionality that affects the conditional mean regression in higher-
dimensional settings. The estimator inherits consistency from either the regression or
density ratio component, is better specified, and achieves the semiparametric efficiency
bound when the product of their estimation errors vanishes faster than the parametric
rate. For the kernel-based nuisance estimators I propose, no sample splitting is required;
when the researcher prefers more flexible machine learning methods, the debiased
machine learning framework of Chernozhukov et al. (2018) can be applied using
sequential block splits suited to dependent data.

Second, I characterize the semiparametric efficiency bound for both the average
response function and the conditional average response function. The efficient influence
function decomposes the bound into two orthogonal terms: a regression variance
component, reflecting the randomness of the conditional mean evaluated at observed
and shifted shocks, and an augmentation component, reflecting the irreducible cost of not
knowing the conditional mean a priori. This decomposition provides a formal benchmark
against which any regular estimator in this framework can be evaluated, and clarifies the
precise sense in which the doubly robust estimator trades higher asymptotic variance
when the regression is well-specified for robustness when it is not.

Outline. Section 2 presents the structural model, identification results, and a dual
representation of the average response function via density ratios that underpins the
doubly robust estimator. Section 3 examines the regression-based and reweighting-based
estimators side-by-side, motivating the need for a combined approach. Section 4 develops
the doubly robust estimator, establishes its double robustness and asymptotic properties,
and discusses estimation of the density ratio nuisance function. Section 5 characterizes the
semiparametric efficiency bound and its variance decomposition. Section 6 extends the
framework to conditional average responses. Section 7 reports Monte Carlo simulations,
with figures collected in Appendix B. Formal assumptions and proofs are collected in
Appendix A.



2 Setup and Identification

An impulse response function answers a counterfactual question: if the structural
shock at time t were shifted by J, how would outcomes at time t + h change on
average? Formalizing this question requires a structural model that separates the shock
of interest from the rest of the system, a potential outcomes framework that defines the
counterfactual, and an identification argument that links the counterfactual to observable
quantities. This section develops each ingredient and shows that identification can
proceed along two independent routes — one based on the conditional mean of the
outcome given the shock, the other based on the density of the shock itself. The duality
between these routes is the foundation for doubly robust estimation.

2.1 Structural Model

Consider a vector of observables z; = (x;,Y])" generated by the structural dynamic

nonlinear system

xe = @(z—1) + €1 (1)
Vie=i(xe, Y i, 2-1,€4), 1=2,...,1 (2)

where ¢; = (e14,...,€nt) is 1.i.d. with mean zero and diagonal covariance ¥. Boldface
denotes the history of a variable up to the relevant date. The first equation isolates a
single structural shock e1;, which enters the system additively; the remaining equations
allow outcomes to depend on the shock, on each other, and on the full history
through unrestricted nonlinear functions ¢;. This framework follows the structural
model of Gongalves et al. (2024a), which nests as special cases models with nonlinearly
transformed regressors (Gongalves et al., 2021), state-dependent coefficients (Gongalves
et al., 2024b), and nonlinear interactions between shocks and state variables.

For simplicity, we treat ;; as directly observed, setting x; = €;. This is the natural
starting point when an external instrument or narrative identification strategy delivers
a shock series. Identification below rests on a single feature of this specification: the
diagonal covariance assumption ensures that ¢y; is structurally independent of the other

innovations.



2.2 Potential Outcomes and Estimands

The structural model defines a mapping from the shock e1; to future outcomes. To
formalize the counterfactual “what if €1; had been e instead of its realized value?”, define
the potential outcome

Yipn(e) = my(e, Uppy), 3)

where U, collects all other determinants of vy;.,: lagged states, future
shocks €1441,...,€1 44y, and non-shock innovations €;4,...,&,;1,. The function my is
determined by the structural equations (1)—(2) but is left unrestricted — no functional
form is imposed on how the shock propagates. This potential outcomes formulation was
developed in a series of papers by Gongalves et al. (2024b) and Gongalves et al. (2024a),
building on the earlier work of Gongalves et al. (2021).

The effect of shifting the shock by J at horizon / is captured by two estimands.

Average Response Function (ARF). The population-average effect of the shift:

ARF),(8) = E[yin(err +90) — yrynlew)]- (4)

This estimand, introduced by Gongalves et al. (2021) and generalized in Gongalves et al.
(2024a), is a nonparametric generalization of the linear impulse response: it measures the
average change in the outcome when every shock realization is perturbed by §, without

restricting the response to be linear or symmetric in J.!

Conditional Average Response (CAR). The effect conditional on an observable state ();:

CAR;(6,w) = E[yin(err +0) — yranlen) | Or = wl. (5)

The conditioning set (); (e.g., a recession indicator, an asset price level, or a lagged
state variable) allows the researcher to ask whether the same shock produces different
effects in different states of the world. This conditional estimand was introduced by
Gongalves et al. (2024b), who showed that standard state-dependent local projections fail
to recover it when the state of the economy is endogenous with respect to macroeconomic
shocks and the shock magnitude is nonnegligible; Gongalves et al. (2024a) develop a
nonparametric estimator that remains valid in this setting.

1 An alternative definition, following Koop et al. (1996), compares the potential outcomes v, (e + &) and
Yion(e) for fixed e rather than averaging over the random variable &1;. As shown by Gongalves et al. (2024a),
the two definitions coincide in linear models but can differ substantially in nonlinear settings. Computing
the counterfactual baseline requires integrating the conditional expectation of v, over all possible shock
realizations, which is why the appropriate definition averages over the realized shock distribution.



2.3 Identification

Both estimands involve the potential outcome y;.j(e), which is observed only at the
realized shock value e = ¢y;. Identification requires a link between the counterfactual
and observables. The structural model provides this link through a single condition:
the shock €1, is independent of all other determinants of y; . Formally, e1; 1L U;,j, which
follows from the i.i.d. assumption on ¢; and the triangular timing in equations (1)—(2):
because ¢1; is serially independent and contemporaneously uncorrelated with ey, ..., €4,
it is independent of the collection U;; that governs the potential outcome mapping.
This independence result is formalized in Lemma A.1 of Gongalves et al. (2024b) and
Gongalves et al. (2024a), who show that it implies the potential outcomes {y;,(e) :
e € &} are independent of ¢1; — the analog of the unconfoundedness assumption in
the treatment effects literature.
This independence condition opens two distinct routes to the same estimand.

Route 1: Conditional means. Define the conditional mean function

gn(e) = Elyin | e1r =e]. (6)

Because ¢1; 1L Uy, the conditional expectation of the potential outcome at any shock
value e equals gj,(e):

E[]/t+h(€)] = E[mh(e, Ut+h)] = E[yt+h | €1t :e] = gh(e),

where the first equality integrates out Uy, (using independence), and the second uses
the fact that y;,, = my,(e1y, Usyy) and conditions on €1y = e. Substituting into the ARF
definition yields the regression representation:

ARF;(8) = E[gu(e1r + ) — gu(ewr)]- (CM)

This says the impulse response is identified by the conditional mean regression of v,
on g1;: estimate gj, evaluate it at the observed and shifted shock values, and average the
difference. This identification result and the regression-based estimator it motivates are

due to Gongalves et al. (2024a); see their Proposition 4.1 and Algorithm 5.1.

Route 2: Density ratios. Rather than asking how the conditional mean changes along

the shock axis, we can ask what the distribution of outcomes would look like if the shocks



had been shifted. Let f denote the marginal density of 1;. A change of variables gives

Elgu(en +0)1 = /gh (e+0)f /8h §)du = E gh(eu)'f—(;z;l_t)(s)

Define the density ratio
e—9
rse) = %- (8)
Since E[gy(e1¢)] = E[y;n] by iterated expectations, substituting into the ARF definition
yields the reweighting representation:

ARF;(8) = E[ysn - (rs(er) — 1)) (R)

The density ratio rs(e) reweights the observed shock distribution to match the
counterfactual distribution that would prevail if every shock were shifted by 4. Shock
values that become more likely under the shift receive weight rs5(e) > 1; those that
become less likely receive weight rs(e) < 1. Because f is a univariate object, the density
ratio avoids the curse of dimensionality: it depends only on the marginal shock density
regardless of the dimension of the structural model or the conditioning set.

Duality. The two representations express the same estimand through different lenses.
The regression route (CM) asks: how does the conditional mean of vy, change as we move
along the shock axis? The reweighting route (R) asks: what would the average outcome be
if the shocks had come from a shifted distribution? Each route places its estimation burden
on a different object: the first requires a good nonparametric estimate of g, the second
requires a good estimate of the shock density f. Having two independent paths to the
same target is what makes doubly robust estimation possible: if one path delivers an

inaccurate estimate, the other can compensate.

Extension to conditional responses. Both routes extend to the CAR whenever e1; L
L ), a condition that holds when () is a function of lagged variables since ey; is i.i.d.
The regression route gives CAR, (6, w) = E[gn(e1r + 0, w) — gu(e1r, w) | O = w|, where
gn(e,w) = Elyin | €1t = e, = w]; see Gongalves et al. (2024a), Proposition 4.1(ii) and
Algorithm 5.2. The reweighting route gives

CARy(6,w) = E[yin- (rs(er) = 1) | O = w]. Rw)



The density ratio remains the same univariate function of €j;; conditioning on ()
is handled by the outer expectation. The two routes differ in dimensionality: the
regression route requires a higher-dimensional regression surface gj(e,w), while the
reweighting route keeps the density ratio univariate. This asymmetry will have important

implications for estimation in higher-dimensional settings.

3 Two Estimators and Their Vulnerabilities

The identification results in Section 2 provide two independent routes to the
same estimand: the conditional mean representation (CM) and the density ratio
representation (R). Each route yields a natural estimator, and each has characteristic
strengths and weaknesses. Examining them side by side motivates the doubly robust

combination developed in Section 4.

3.1 The Regression Estimator

The regression estimator follows directly from the conditional mean representation.

Estimate g, (¢) = E[y;.y | €1+ = €] by local linear regression, then form:

T
ARF,"(6) = 1 3 [9n(exe +6) — gu(enr)] ©)
t=1

This estimator is intuitive: it traces out the nonparametric regression surface ¢, evaluates
it at the observed and shifted shock values, and averages the difference. It is consistent
when ¢;, converges to gj, at a sufficient rate, and it performs well across a range of data
generating processes in the simulations of Gongalves et al. (2024a).

The estimator’s performance, however, is entirely determined by the quality of
the nonparametric regression §;. Several practical considerations can undermine this
quality. First, bandwidth selection for the local linear smoother involves a bias-
variance trade-off whose optimal resolution depends on the unknown smoothness of
g, data-driven bandwidth selectors can perform poorly when the regression surface
has localized features such as sharp nonlinearities. Second, for conditional average
responses, the regression estimator requires a multivariate regression of v, on (g4, ),
and the curse of dimensionality rapidly degrades performance as dim(();) increases.
Third, the estimator provides no internal diagnostic for misspecification: if g, is a
poor approximation to g, the resulting bias is transmitted directly to @:g with no

mechanism for correction.



3.2 The Reweighting Estimator

The density ratio representation suggests a fundamentally different estimator that
sidesteps the conditional mean regression entirely. Estimate the density ratio rs(e) =

f(e—20)/f(e) and form:

——rw T
ARF, (6) = % Y e (Po(en) = 1). (10)
i—1

Rather than asking how the expected outcome varies with the shock level, this estimator
reweights the observed outcomes to reflect the counterfactual shock distribution. It
requires only the univariate shock density f — a substantially simpler estimation problem
than the conditional mean regression, and one whose difficulty does not increase when
the conditioning set (); is high-dimensional.

The reweighting estimator’s appeal lies in its simplicity and its robustness to
misspecification of g;,: since g, never appears in the estimator, errors in the conditional
mean function cannot affect it. However, this robustness comes at a cost. Each outcome
Ysop is multiplied by the weight (75(e1¢) — 1), and these weights can be large when the
density ratio takes extreme values — particularly in the tails of the shock distribution,
where f(e) issmall and f(e — )/ f(e) can diverge. The resulting variance inflation means
that the reweighting estimator is noisier than the regression estimator even when both are
well-specified. As we show formally in Section 5, it has higher asymptotic variance than
both the regression estimator and the semiparametric efficiency bound, making it a poor
choice as a standalone mean-response estimator. Its value, as we will see, lies elsewhere:

as a bias-correction device when paired with regression.

3.3 The Case for Combination

The two estimators have complementary strengths. The regression estimator is efficient
when the conditional mean is well-estimated but offers no protection when it is not. The
reweighting estimator does not depend on gj, at all but pays for this independence with
higher variance. Neither estimator dominates the other across all plausible scenarios.
This complementarity suggests a natural strategy: use the regression estimator as
the primary workhorse, but add a correction term based on the density ratio that
activates when the regression is inaccurate. Concretely, the regression estimator’s error
at observation f is driven by the residual (y;,, — $n(e1:)) — the part of the outcome
that the regression fails to explain. If g, is accurate, these residuals are small and



approximately mean-zero; no correction is needed. If §; is inaccurate, the residuals
carry systematic bias that the regression estimator transmits to the final estimate. The
density ratio can be used to reweight these residuals to recover the missing signal: the
term (P5(e1t) — 1) (ypon — $n(€1r)) is essentially the reweighting estimator applied to the
regression residuals rather than to the raw outcomes. When the regression is good, this
correction is negligible; when the regression is poor, it picks up the slack.

This is the logic of the doubly robust estimator developed in the next section. The
combination achieves something that neither estimator can achieve alone: consistency
when either the conditional mean or the density ratio is well-specified, and efficiency

when both are.

4 The Doubly Robust Estimator

This section constructs the doubly robust estimator, establishes its consistency under
misspecification of either nuisance component, derives its asymptotic distribution, and

provides practical guidance on density ratio estimation and inference.

4.1 Construction of the DR Estimator

The combination of regression and reweighting suggested in Section 3 takes a specific

form. Augment the regression estimator with a density-ratio bias correction term:

ARE, (5

HI*—‘

T
Z [gh 1t +0) — ulew) + (Fs(err) — 1) (Yern —Qh(€1t))]- (DR)

The first term, $,(e1; + ) — $(e1;), is the regression estimator. The second term,
(?s(e1r) — 1) (yion — 8n(€1)), is the bias correction motivated in Section 3.3: it applies the
density ratio weights to the regression residuals. In the treatment effects literature, this
construction is known as an augmented inverse-propensity-weighted (AIPW) estimator
(Robins et al., 1994).

Notice that the doubly robust (DR) estimator nests the regression estimator: when 75 =
r5, the augmentation term (75 — 1) (., — §1) has conditional mean zero given €74, and the
DR estimator reduces to the GHKP estimator plus a mean-zero noise term. Conversely,

if we set ¢, = 0 (no regression), the estimator reduces to the pure reweighting estimator
T e yean(Ps — 1)

10



4.2 Double Robustness

Proposition 4.1 (Double robustness; informal). The DR estimator (DR) is consistent for
ARFy,(9) if either:

(a) §y, converges in probability to gj, uniformly over the relevant domain, or
(b) 75 converges in probability to rs uniformly,

but not necessarily both. See Appendix A for the formal statement.

Sketch. Write:

/\DR 1 * 1 A A
ARE, — ARFy = = Y97 + = Y (s(en) = ra(en)) (@ulen) — gu(e1r)) +lower order terms.
t t

N’ N -~ /
0,(T-1/2) product bias term

(11)
The key is the product structure of the bias: it involves the product of the errors in 75 and
Sn- If either error is zero (i.e., one component is correctly specified), the product vanishes
regardless of the other.?

4.3 Asymptotic Normality and Efficiency

The double robustness property concerns consistency alone. For v/T-inference, we need
both nuisance estimators to converge, and we need the product of their errors to be

asymptotically negligible. Specifically, if the nuisance estimators satisfy

185 — gnll2 - 175 —7sll2 = 0p(T71/2), (12)

then the DR estimator is v/ T-asymptotically normal:

VT(ARE,  (5) — ARF,(6)) & N(0, ), (13)

In a complementary but distinct direction, Montiel Olea et al. (2024) establish a double robustness
property of standard linear local projections: the LP estimator’s bias under dynamic misspecification of a
finite-order VAR is proportional to the product of the errors in the outcome and first-stage lag specifications,
so that even substantial omitted-lag misspecification does not distort inference. Their result provides a
powerful rationale for preferring LP over VAR confidence intervals in the linear setting, but does not extend
to the nonparametric impulse responses considered here, where the relevant misspecification is not in the
lag structure but in the conditional mean function g, itself.

Our notion of double robustness is different: the (DR) estimator is consistent when either the
nonparametric regression ¢, or the density ratio 75 is well specified, and achieves the semiparametric
efficiency bound when the product of their estimation errors is op(T_l/ 2). Both results trace their logic
to the product-of-errors structure emphasized by Chernozhukov et al. (2018), but they address different
sources of fragility in different estimation frameworks.

11



where ¥/ is the long-run variance defined in (LRV) later in the paper. At h = 0 the
influence function i} depends only on thei.i.d. pair (e1¢,y;), so £ = V;; and the estimator
attains the semiparametric efficiency bound exactly. For i > 0, the serial correlation in
¢y induced by the overlapping structure of y,, inflates ¥; above V}'; this is a feature of
the local projection design shared by all LP estimators, not specific to the DR correction.
Inference requires a heteroskedasticity and autocorrelation consistent (HAC) variance
estimator, as specified in Algorithm 1. This is the rate double robustness property: neither
component needs to converge at T~'/# individually — any allocation of rates whose

—1/2 guffices.’

product beats T

For the nuisance estimators we propose (local linear kernel regression for ¢, and
kernel density plug-in for #;) the product rate condition is verified under primitive
conditions in Appendix A.5 (Proposition A.3). Both are classical nonparametric

estimators whose individual L,(P) rates are approximately T—2/5

(up to logarithmic
corrections from the unbounded support of the shock distribution), yielding a product
rate of approximately T~#/3 — well above the T~!/2 threshold. The dependence between
the nuisance estimates and the observations at which they are evaluated is controlled by
standard stochastic equicontinuity arguments for kernel-based function classes (van der

Vaart, 1998, Chapter 19).4

4.4 Density Ratio Estimation

The (DR) estimator requires an estimate 75 of the density ratio r5(e) = f(e — )/ f(e). This
is a univariate estimation problem regardless of the dimension of the structural model.

We discuss three approaches, in order of increasing sophistication.

Plug-in kernel density estimation. Estimate f from {e;;} using a standard kernel
density estimator f, then form 75(e) = f(e — )/ f(e).

3In Appendix A.5 (Proposition A.3), we verify the product rate condition under primitive smoothness
and moment assumptions for the trimmed kernel-based estimators proposed in this paper. Each component
converges at approximately T~2/5 (up to logarithmic factors), so the product is approximately T—*/% — well
above the T~1/? threshold. When the shock density is estimated nonparametrically, a mild constraint on
the ratio |6|/ 0y is needed to control tail instability of the plug-in density ratio estimator; see Remark A.5 for
discussion.

41f the researcher wishes to use more flexible estimators for ¢, or 75 (e.g. sieve estimators, penalized
regression, or machine learning methods that do not satisfy Donsker-class conditions) the product rate
condition can still be verified using sample splitting, following Chernozhukov et al. (2018). In time series
settings, this requires sequential (non-overlapping block) splits rather than random cross-validation, with
buffer zones between blocks to account for the serial dependence in y;, ;. The cost is a reduction in effective
sample size, which can be substantial in the moderate samples typical of applied macroeconomics. For the
kernel-based implementation that is the focus of this paper, splitting is unnecessary.

12



This approach is simple and inherits well-understood asymptotic theory, including
extensions to weakly dependent data (though ¢, is i.i.d. by assumption, so the standard
theory applies directly). Its main drawback is instability when f(e) is small (in the tails
of the shock distribution, where the ratio can be noisy). In practice, a floor on f(e) (e.g.,
trimming observations where f(e1;) < cr for a threshold ¢t — 0) provides regularization.

Direct density ratio estimation. Modern methods estimate the ratio rs directly without
estimating f at all. The key observation is that {e;; — 8} constitutes a sample from the
density f(- — ¢), while {e1;} is a sample from f(-). The ratio f(- — )/ f(-) can then be
estimated by:

* uLSIF (unconstrained Least-Squares Importance Fitting): minimizes integrated
squared error of the ratio approximation with Tikhonov regularization, producing
smooth, bounded ratio estimates. The regularization parameter can be selected by

cross-validation.

o KLIEP (Kullback-Leibler Importance Estimation Procedure): minimizes KL

divergence subject to normalization constraints.

These methods, surveyed in Sugiyama et al. (2012), were developed for i.i.d. data. In
our setting, the relevant samples (¢1; and &j; — d) are ii.d. so the standard theory
applies. However, the formal integration of these estimators’ convergence properties into
our semiparametric framework (specifically, verifying the rate conditions in Section 4.3)
requires additional work. We defer this to Appendix A and focus in the simulations on the

plug-in and parametric approaches, for which the asymptotic theory is more complete.

Practical recommendation. For the DR estimator, the choice of density ratio method
is less critical than it might appear, because errors in #; are absorbed by the double
robustness property as long as ¢, is reasonably well-specified. The density ratio is a

bias-correction device, not the primary carrier of the estimator. We recommend:

* Plug-in kernel density as the default general-purpose option. It is simple, well-
understood theoretically, and the bandwidth can be selected by standard methods
(e.g., Silverman’s rule of thumb or cross-validation). Trimming observations where

f(eq;) falls below a small threshold prevents division-by-near-zero instability.

* uLSIF when the researcher wants a regularized, bounded ratio estimate —
particularly useful when extreme density ratio values would distort the bias

correction.

13



Both approaches produce density ratio estimates that are bounded in finite samples, in
contrast to the exact density ratio r5(e) = f(e — )/ f(e), which is generically unbounded
for light-tailed distributions.

4.5 Algorithm

Algorithm 1 Doubly Robust Estimator of ARF},(J)

Require: {y; e1;:t=1,...,T}, shock size §, max horizon H
1: Step 1. Using the full sample, estimate:

e gy(e): local linear regression of ;. on e1; (Gaussian kernel, Fan-Gijbels ROT
bandwidth)

* 75(e): density ratio (see Section 4.4 for options)

2: Step 2. Foreacht =1,...,T — h, compute:

Pr = gn(ere +0) — Gunlew) + (Ps(ere) = 1) - (Ve — Snlenr))

_—~DR .
3: Step 3. ARF;, (0) = - ¥, ¥
4: Step 4. Estimate the long-run variance of iy using a HAC estimator. Let ¢ =

/\DR ~ ~ -
ARF;, (9)and ¢y = ¢y — . Set
1

b=+ Lox() G+ 7) by
Xp =0+ K(—) Yi+9;) Yi=7 Pt Pr_j,
j=1 Br ! ! ] T_ht:j+1 ]

where «x(-) is a kernel weight function (e.g. Bartlett) and Br is the bandwidth. We
use the Newey and West (1987) estimator with Br = [1.5/] as a default, ensuring
the bandwidth covers the MA(h) dependence induced by the overlapping horizon

structure. The standard error is se;, = /%, /(T — h).

Ensure: {ARF, (4), se,:h=0,...,H}

The nuisance functions ¢, and 75 are estimated on the same sample used to compute
the (DR) estimator. This is valid for the kernel-based estimators we propose because
they satisfy the stochastic equicontinuity conditions needed to control the dependence
between the nuisance estimates and the evaluation points (see Appendix A for the formal

statement).
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5 Efficiency Theory

The previous section established that the DR estimator is consistent when either
nuisance component is well-specified and asymptotically normal when both converge
at appropriate rates. This section asks a deeper question: is the particular combination
of regression and reweighting in the (DR) estimator optimal? We show that it is, by
characterizing the semiparametric efficiency bound and showing that the (DR) estimator
attains it. The variance decomposition that emerges also clarifies the relationship between
the (DR) estimator, the regression estimator, and the pure reweighting estimator from
Section 3.

5.1 Efficient Influence Function

Consider the semiparametric model in which the conditional mean g, and the shock
density f are unrestricted (subject to regularity conditions). The parameter of interest
ARF,(0) = E|[gn(e1t + 0) — gu(e1t)] is a functional of the joint distribution of (e1¢, Y1 p)-

Proposition 5.1 (Efficient influence function; informal). Under regularity conditions (stated
in Appendix A), the efficient influence function for ARFy,(9) is:

¥ = [gnler +0) —gnler)] + [rsen) = 1] [yren — gn(err)] — ARFy(9). (EIF)
The semiparametric efficiency bound is V; = Var(y;).

The efficient influence function has two components that correspond directly to the
two terms in the (DR) estimator from Section 4.1. The first, gj,(e1; + 6) — gp(€1), is the
regression estimator’s influence function contribution — it captures the variation due to
random sampling of shocks through the conditional mean. The second, (rs — 1) (y;p —
gn(e1t)), is the augmentation term that corrects for the estimation of g, — the same
density-ratio bias correction that appears in the (DR) estimator. If g, were known, this
term would have mean zero but nonzero variance; it reflects the efficiency cost of not
knowing the conditional mean. The (DR) estimator is, in effect, the sample analog of
Y7 + ARFj(0), with population quantities replaced by estimates.

Proof sketch. The functional ARF;(J) depends on the time series distribution only through
the bivariate marginal of (e14, y;1p,). The semiparametric model leaves both the shock
density f and the conditional mean g; unrestricted, so the tangent space (the set of all

feasible directions of perturbation) for this bivariate marginal is the full L)(P), as in the
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cross-sectional continuous treatment setting of Kennedy et al. (2017). Serial dependence
in y;,, does not alter this tangent space: it constrains the full joint distribution of the time
series, but not the bivariate marginal that determines ARF,(¢). The pathwise derivative
of 6 = ARF,(9) along a submodel with score s = s1 + s, (marginal plus conditional
components) can be written as E[¢; - s|, where i} is the stated influence function. The
key steps use the change-of-variables identity E[h(e1; + )] = E[h(e1s) rs(e1;)] and the
conditional mean-zero property E|s, | €1¢] = 0 to separate the contributions of s; and s;.
The complete derivation is in Appendix A.2.

5.2 Variance Decomposition

Because E[y;;, — gn(€1t) | €1t] = 0, the cross-covariance between the two components of
Y} vanishes, and the efficiency bound decomposes as:

Vi = Var|gy(ex +6) — gn(ex)] + E[(rs(enr) — 1)%- % (er)] (VD)

-~ -~

reg aug
Vh Vh

where 02(e) = Var(y,,j, | €1y = e) is the conditional variance of the outcome given the
shock.

This decomposition has immediate implications:

1. The regression estimator’s asymptotic variance is VZEg . When ¢, converges fast
enough, the regression estimator has influence function g, (€1 +6) — g1 (¢1:) — ARF,
yielding asymptotic variance Vhre‘g . This is strictly less than the efficiency bound V'
whenever V; "8 > 0 — whenever v, has any residual variation not explained by
€1, which is generically the case.

2. A pure reweighting estimator has asymptotic variance exceeding V;'. An estimator
based solely on the representation (R) has influence function y; j,(rs — 1) — ARF. Its
asymptotic variance is Var[y;,,(r; — 1)] = Var[g,(e1;) (rs — 1)] + E[(rs — 1)%0?(e1;)],
which exceeds V; because it replaces Var|gy (e1; + ) — g (e1¢)] with Var[gy, (e1¢) (15 —
1)] in the first term while sharing the same second term.

3. The efficiency bound exceeds the regression estimator variance. This may seem
paradoxical — how can the “efficient” estimator have higher variance than the
regression estimator? The resolution lies in what efficiency means in this context.
The semiparametric efficiency bound is the minimum variance achievable by

any estimator that remains \/T-consistent without assuming that g, is known or
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correctly estimated. The regression estimator achieves the lower variance V;eg
precisely because it bets everything on its nonparametric regression being correct.
"When that bet pays off, the regression estimator outperforms the (DR) estimator;
when it does not, the regression estimator’s actual finite-sample performance can be
substantially worse than Vfg suggests. The (DR) estimator, by contrast, hedges against
regression misspecification at the cost of higher variance when the regression is accurate.
The additional term V}f "3 is the premium paid for this insurance.

Note. The decomposition (VD) describes the contemporaneous variance V;* = Var(¢;).
For h > 0 the influence function ¥} is serially correlated at minimum of order /, because

Y4y depends on shocks €1 4.1,...,&1 1y that overlap across adjacent observations. The

asymptotic variance of v/T ARF;, (J) is therefore the long-run variance

T, = ). Covl(yi, 97 ;) (LRV)

j=—00

which equals V" at h = 0 (where ¢} is a function of the i.i.d. pair (&1, y;)) but generally
exceeds it for h > 0. The qualitative implications of the decomposition are unaffected:
the regression estimator’s long-run variance replaces Vfg with Y-; Cov(gn(e1 + 6) —
gn(e1r), gnlere—j+0) — gn(e,r—j)), and the same HAC correction applies to all estimators
equally. Inference based on (VD) directly (using the simple sample variance of ;) would

understate estimation uncertainty at horizons i > 0.

5.3 Implications for Estimation Strategy

The variance decomposition, together with the results in Sections 3 and 4, suggests

practical guidance for applied researchers:

* When the conditional mean g, can be estimated reliably (low-dimensional,
smooth, well-behaved data), the regression estimator is expected to perform well,
and the gap between its variance Vfg and the efficiency bound V' is the premium

paid for the (DR) estimator’s robustness — a premium that may not be worth
paying.

* When g, is difficult to estimate (high-dimensional conditioning sets, complex
nonlinearities, small samples relative to the complexity of the regression surface),

the regression estimator’s actual MSE may substantially exceed V;eg, and the

(DR) estimator’s robustness becomes valuable. The product-of-errors property
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(Proposition 4.1) means that even a rough density ratio estimate can substantially

reduce bias.

* Pure reweighting is not the answer in either regime. It is less efficient than the
regression estimator when g is well-estimated and less efficient than the (DR)
estimator when g, is poorly estimated. Its role is as one arm of the (DR) estimator

rather than a standalone mean-response estimator.

6 Conditional Average Responses

The density ratio rs is a univariate object that, once estimated, provides a dimensionality

reduction for estimating conditional average responses.

DR estimator for CARs. When ¢; 1L (), the CAR admits both a regression
representation CARy(d,w) = E[gy(err + 6,w) — gu(e1r,w)] and a reweighting
representation (R,). The efficient influence function for CAR, (4, w) is:

v = gn(en +0,w) — guler, w) + (r5(err) — 1) (Yean — gn(err, w)) — CARy (6, w)  (14)

evaluated at (); = w. This yields a DR estimator of the CAR that combines the joint
regression §; (e, w) with the density ratio correction.

The form of this influence function follows from the same tangent space argument
as in the ARF case (Appendix A.2), with two modifications. First, the relevant bivariate
marginal is now the triple (e1¢, Y15, 4). Second, the independence condition e1; L ()
implies that the tangent space decomposes into components for f, for c(y | e, w), and for
the marginal distribution of ();. Perturbations of the (); marginal do not affect CAR;, (4, w)
(which conditions on €); = w), and the independence condition ensures the density ratio
remains the univariate object rs(e) = f(e — )/ f(e). The pathwise derivative calculation
then parallels the ARF derivation, with g, (e) replaced by g, (e, w) throughout.

Decomposed estimation. The independence e1; 1L (); permits a decomposition of the
estimation problem. Define the reweighted outcome §;.j, = y;1p - (*5(€1t) — 1). Then:

CARh((S, a)) = E[gt+h | Qt = w] (15)

This means the CAR can be estimated by regressing the reweighted outcome on (); alone.
The dimension of this problem equals dim(();) rather than dim(€);) + 1. Specifically:

18



o If (); is discrete: the regression on (); collapses to a subsample average:

Yt:S, =5 Jt+h

CARy(d,s) = T
(Ot_1=S8

s € {0,1}. (16)

o If (); is continuous: use a univariate kernel regression of §j;.; on r, requiring a
single bandwidth b,. GHKP’s approach requires a bivariate kernel regression of
Yirp on (€14, 1¢), requiring two bandwidths (b, by).

The dimensionality trade-off. The decomposition reduces the nonparametric
regression dimension from 1+ dim(€);) (regression) to dim(();) (reweighting). However,
this comes at a cost: the reweighted outcome #;,; is noisier than y;,, because
multiplication by (rs — 1) amplifies the variance, particularly for large shocks. The

conditional variance of ; given () is:
Var (G4 | O = w) = E[(rs(er) — 1)* - yi, | Q4 = w] — CARy (6, w)? (17)

which can be much larger than Var(y;,, | €1;,Q% = w). The net effect on MSE is
therefore ambiguous: the dimensionality reduction improves the bias (slower curse of
dimensionality), while the variance inflation worsens the variance. The gains are likely
more substantial with higher-dimensional conditioning sets. We assess this trade-off via
Monte Carlo simulation in Section 7. A DR version of the CAR estimator hedges against

both sources of error.

Algorithm 2 Reweighting Estimator of CAR, (4, w)

Require: e1; LI ()
1: Step 1. Estimate 7; as in Section 4.4.
2: Step 2. Compute reweighted outcomes: ;. = Yy - (75(e1¢) — 1).
3: Step 3. Estimate CAR;,(d, w) by nonparametric regression of ;. on Q:

¢ () discrete: subsample average of 7;

¢ (); continuous: univariate local linear regression

Ensure: CAR, (6, w)

Algorithm for CAR estimation. For the DR version, replace Steps 2-3 with the full
AIPW construction using ¢ (e, w) and #5(e) jointly, following the structure of Algorithm 1
adapted to include ().
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7 Monte Carlo Simulations

[SECTION IN PROGRESS]

This section uses Monte Carlo simulations to evaluate the doubly robust estimator
along three dimensions. Exercise 1 demonstrates the formal double robustness property:
when the regression arm is structurally misspecified, the density ratio correction
eliminates the asymptotic bias that a standalone regression estimator cannot escape.
Exercise 2 addresses the practically more relevant case in which the regression arm is
consistent but poorly suited to the functional form of the DGP, producing substantial
finite-sample bias; the DR augmentation provides meaningful insurance. Exercise 3
quantifies the cost of this insurance when it is not needed, measuring the variance
premium a researcher pays for robustness when the regression is already well-matched
to the DGP. All figures are collected in Appendix B.

7.1 Design

The data-generating process follows one of the examples produced by Gongalves et al.
(2024a). Throughout, x; = e1; with €1; independent of all other structural innovations,
and (eqy, €2¢) N (0,1). The outcome follows

Y = 0.5 Y1 +0.5x+0.3 Xi—1 — O4f(xt) — O.Sf(xt_l) + €24, (18)

under two functional forms for f that create complementary difficulties for

nonparametric estimation:

* ReLU: f(x) = max(x,0). The kink at the origin is poorly approximated by smooth
polynomial bases, so the power series estimator exhibits finite-sample bias that is
slow to vanish. The local linear estimator, which does not rely on global smoothness,
adapts well.

e Cubic: f(x) = x3. The high curvature induces substantial bandwidth-driven bias
in the local linear estimator. The power series estimator, which nests the true

specification, performs well.

The estimand is the unconditional average response function (4). Each replication
discards B = 1,000 burn-in observations before recording a sample of length T.

The simulation varies T € {250, 500, 1,000, 2,000} and § € {1, 2}, with R = 5,000
replications per design cell. Population truth is computed from 50,000 independent paths
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of post-burn-in length 2,000. Each figure is a 3 x 4 panel: rows display the impulse
response function (median and interquartile range across replications), mean bias, and
root mean squared error; columns correspond to the four sample sizes. Separate figures
are produced for each combination of functional form and shock size.

Every figure compares two estimators. The first is a standalone regression estimator
of g5, whose specification varies across exercises. The second is the DR estimator (DR),

which pairs the same regression §; with the parametric Gaussian density ratio

oe 52
f5(e) = exp(; - ﬁ)’ (19)
1 1

where 07 is the sample variance of {¢1;}. Because the shock is Gaussian by construction,
this density ratio is correctly specified; using it throughout all three exercises isolates
the contribution of the bias correction from the separate question of how to estimate the

density ratio nonparametrically.

7.2 Exercise 1: double robustness under structural misspecification

The first exercise makes the formal double robustness property of Proposition 4.1 visible.

The regression arm is a linear local projection that omits the nonlinear term entirely,

Yirh = &p + Py €1t + Wryp,

estimated by OLS. This is the specification a researcher would adopt if unaware of the
nonlinearity, and it produces a bias that does not vanish with T: the linear projection ¢,
captures only the linear component of the ARF, missing the contribution of f. The DR
estimator pairs this misspecified regression with the parametric density ratio (19).
Figures 1-4 report the results for both functional forms. The pattern is stark. The
standalone linear LP (dashed) exhibits a bias that does not disappear with sample size
— the hallmark of structural misspecification rather than finite-sample imprecision. The
DR estimator (solid) eliminates the vast majority of this bias: because the density ratio is
correctly specified, the augmentation term (rs — 1)(y;1 — $5) reweights the regression
residuals to recover the nonlinear signal that the linear projection discards. The bias
reduction is most dramatic for § = 2, where the nonlinear component of the ARF is

largest.

21



7.3 Exercise 2: insurance against a poorly matched nonparametric

estimator

The second exercise addresses a more realistic scenario. The regression arm is now
a consistent nonparametric estimator, but one that is poorly suited to the functional
form of the DGP. Unlike Exercise 1, the bias here is finite-sample bias arising from slow
convergence rather than structural inconsistency — but it can be substantial in the sample
sizes typical of empirical macroeconomics.

The exercise exploits a key observation from Gongalves et al. (2024a): for each
functional form, one nonparametric method performs well while the other struggles. In
Subexercise 2a (f = max), the regression arm is a power series estimator with polynomial
order L = round (0.5 T'/3); smooth polynomials approximate the kink poorly, producing
visible bias. In Subexercise 2b (f = x3), the regression arm is local linear kernel regression
with a Gaussian kernel and Fan and Gijbels (1996) rule-of-thumb bandwidth (preliminary
polynomial order 2); the high curvature of x> induces bandwidth-driven bias. In both
cases, the DR estimator augments the poorly matched regression with the parametric
density ratio (19).

Figures 5-8 display the results. In Figures 5-6, the DR estimator shows an
improvement in bias in smaller samples without a substantial increase in RMSE — in
larger samples, the DR and regression estimators produce nearly identical results. In
Figure 7, the DR estimator improves bias substantially in larger sample sizes, while also
reducing RMSE. In Figure 8, the two estimators produce similar results across all sample

sizes.

7.4 Exercise 3: cost of robustness when the regression is well-specified

The third exercise measures the price a researcher pays for robustness that turns out to
be unnecessary. The regression arm is now the well-matched nonparametric method:
local linear for the ReLU DGP (Subexercise 3a) and power series for the cubic DGP
(Subexercise 3b). The tuning follows Gongalves et al. (2024a) in both cases.

Figures 9-12 confirm that the standalone estimator (dashed) already performs
well: bias is small and shrinks with T at the expected nonparametric rate. The
DR estimator (solid) matches this bias closely, as expected — when the regression
is accurate, the augmentation term (rs — 1)(y;4, — ) has approximate mean zero
and contributes primarily variance. The gap between the two RMSE curves is the
finite-sample counterpart of the augmentation variance V;fug in the efficiency bound
decomposition (VD).
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Taken together, the three exercises tell a coherent story. When the regression is
structurally wrong (Exercise 1), the DR correction is essential. When it is consistent
but poorly matched (Exercise 2), the correction may provide valuable insurance across
a range of sample sizes. When the regression is already well-suited (Exercise 3), the cost
of carrying the correction is minimal. These findings support the use of the DR estimator
as a practical default, particularly in settings where the researcher is uncertain about the

functional form of the conditional mean.

7.5 Tuning parameters

For completeness, we collect the tuning choices used across all exercises. The linear LP in
Exercise 1is OLS of y;,, on a constant and €14, with no tuning parameters. The local linear
estimator (Exercises 2b and 3a) uses a Gaussian kernel with Fan and Gijbels (1996) rule-
of-thumb bandwidth based on a preliminary polynomial of order 2, following Gongalves
et al. (2024a). The power series estimator (Exercises 2a and 3b) uses polynomial order
L = round(0.5T'/3), also following Gongalves et al. (2024a). The density ratio is the
parametric Gaussian specification (19) throughout.

8 Conclusion

Nonparametric local projections allow researchers to trace out impulse response functions
without restricting how shocks propagate through the economy, but their reliability
hinges on the quality of a single nonparametric regression. This paper develops a doubly
robust estimator that hedges against this dependence by augmenting the regression-
based approach of Gongalves et al. (2024a) with a bias correction based on the density
ratio of the structural shock.

The estimator has three properties that together constitute the paper’s main
contribution. First, it is consistent when either the conditional mean regression or
the density ratio is well specified, which provides a safeguard that is absent from the
existing nonparametric local projections toolkit. Second, it attains the semiparametric
efficiency bound when both nuisance components converge at rates whose product
exceeds TV 2 a condition verified for standard kernel estimators under primitive
smoothness assumptions. Third, for conditional average responses, the density ratio
enables a decomposition that reduces the nonparametric regression dimension by one.
Because the density ratio depends only on the marginal shock density, this dimensionality
reduction applies regardless of the dimension of the conditioning set, offering a concrete
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path to mitigating the curse of dimensionality in state-dependent impulse response
estimation.

The efficiency theory complements these estimation results. The semiparametric
variance bound decomposes into the asymptotic variance of the regression estimator
plus an augmentation term that measures the irreducible cost of not knowing the
conditional mean function a priori. This decomposition clarifies the trade-off facing
applied researchers: the doubly robust estimator pays a variance premium quantified
exactly by the augmentation term, in exchange for robustness to misspecification of the
regression surface. When the conditional mean is estimated accurately, the regression
estimator of Gongalves et al. (2024a) achieves lower variance and remains the natural
choice; the doubly robust estimator is most valuable precisely in the settings where
nonparametric regression is most difficult, such as in the presence of high-dimensional

conditioning, complex nonlinearities, or limited sample sizes.
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A Assumptions and Proofs

This appendix collects the regularity conditions, formal statements, and proofs of the
main results.

A1 Regularity Conditions

Assumption A.1l. & = (ey4,...,€n)" is 1.i.d. with mean zero and diagonal covariance
¥ = diag(0?).

Assumption A.2. The density f of &1; is bounded, bounded away from zero on compact
sets, and satisfies E[rs(e1;)?] < oo.

Assumption A.3. E[y?,,] < coand E[y? , - 75(e14)?] < oo.
Assumption A.4. The estimators ¢, and 75 satisfy:

@) 18n — 8gnll2 = 0p(1) or ||75 — r5]|2 = 0p(1) (consistency of at least one component);
(b) For efficiency: (|8 — gull2 - 75 — 5ll2 = 0,(T~1/2).

The following primitive conditions are sufficient for Assumption A.4(b) when using
the trimmed kernel-based nuisance estimators defined in Section A.5.

Assumption A.5 (Smoothness). (a) The density f satisfies f € C?(R) with f, f, f" €
L1(R) N Ly(R) and sup, | fU)(e)| < oo for j,k € {0,1,2}. (b) The conditional mean
gn € C2(R) with [(g}/(e))?f(e) de < co.

Assumption A.6 (Moments). E[y;, ] < oo, E[g;(e1;)*] < 00, and E[rs(e1;)*] < oo.

Assumption A.7 (Conditional variance integrability). The conditional variance ¢?(e) =
Var(y;, | €1; = e) is bounded: sup, 0%(e) < co.

Assumption A.8 (Kernel and bandwidth). The kernel K is a bounded, symmetric, second-
order kernel with [[K =1, up = [u?K(u)du # 0, R(K) = [ K*(u)du < oo, and K(u) > 0
for all u (e.g., the Gaussian kernel). The bandwidths satisfy b, =< T-5(log T)/10 and
by =< T-1/5(1og T)/10.

Remark A.1 (On Assumption A.2). The condition E[rs(e1;)?] < oo holds for any
distribution with sub-exponential or lighter tails, but excludes heavy-tailed distributions
where the density ratio has infinite second moment. For distributions with polynomial
tails (e.g., t-distributions), the condition requires the degree of freedom to be large enough
relative to 6. The boundedness of r; itself is not assumed — this is important because r;
is generically unbounded for light-tailed distributions.

Remark A.2 (On Assumption A.3). The condition E[y7 ,r3] < oo is the key moment
restriction. It is satisfied when both y;,;, and €;; have sub-exponential or lighter tails, but
requires verification for specific DGPs. This condition plays the same role as the bounded
support assumption in the treatment effects literature — it ensures the reweighted
moments are well-defined, but is weaker.
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A.2 Efficient Influence Function

We derive the efficient influence function for 6 = ARF;,(6) = E[gu(e1r + ) — gn(€1r)]
stated in Proposition 5.1. The derivation proceeds in three steps: we characterize the
tangent space of the semiparametric model, compute the pathwise derivative of 6, and
verify that i} is the Riesz representer of this derivative in the tangent space.

Step 1. Tangent space. The functional § depends on the distribution of the full time
series {z;} only through the bivariate marginal of (e1¢, y;1,). Decompose the joint density
of this pair as p(e,y) = f(e)c(y | e), where f is the marginal density of ¢1; and c(- | e)
is the conditional density of ;. given €1; = e. The semiparametric model leaves both f
and c unrestricted (subject to the regularity conditions in Assumption A.2-A.3).

Consider a smooth one-dimensional submodel {P; : 7 € (—¢,€)} through the true
distribution P = Pj, with score

d
s(e,y) = 5-logpyey)| = si(e) +s2(e,y), (20)
n =0
where s1(e) = % log f, (e) }17:0 is the marginal score and sy (e, y) = % logc,(y | e) |17:0 is
the conditional score. These satisfy E[s1(e1;)] = 0 and E[sz(e1t, Ys1n) | €1:) = 0 almost

surely.
The tangent space 7 of the nonparametric model for (&4, y;,5) is the set of all such
scores:

T = {s1(e1e) + s2(e16,Y4n) = 51 € L3(f), 52 € La(p), Elsz | e1¢] = 0} (21)

This is the full space LY(P): any mean-zero square-integrable function k(e,y) can be
decomposed as h(e,y) = Elh(ewr, yin) | €1r = el + (h(e,y) — E[h(e1, Yisn) | €16 =
e]), where the first term has mean zero (by iterated expectations) and the second has
conditional mean zero given e;.

Remark A.3 (Why serial dependence does not alter the tangent space). The structural
model imposes dynamics on {z;} that induce serial dependence in y;. . These dynamics
constrain the full joint distribution of the time series, but they do not further constrain the
bivariate marginal of (e14, ;) beyond what is already captured by leaving f and c(- | e)
unrestricted. This is because €1; is i.i.d. (Assumption A.1), and gj,(e) = E[y;.y | €1t = €]
is an unrestricted function of e. The tangent space (21) is therefore the same as in the
cross-sectional continuous treatment setting of Kennedy et al. (2017). Serial dependence
affects the asymptotic variance of sample averages of 1}, but not the form of the efficient
influence function itself.

Step 2. Pathwise derivative. Under the submodel P;, the marginal density and
conditional mean become f; and g ,. The functional is

1) = [ gnyle+0) fyle)de — [ guyle) fyle)de
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Differentiating at 7 = 0, using f;(e) = f(e)(1+#s1(e)) 4+ o(n) and the product rule:

= /8;;,;7(€+5 e) de — /gh,y e)de + E[S1(€1t)(gh(€1t+(5) —8h(€1t))l,
\ (I) (1)

(22)
whereg;  (e) = 7 4 [ycyly|e dy‘;y:O' Since ¢, (y | e) = c(y | e)(1+1s2(e,y)) +o(n) and
E[sy | €14 = e] = 0, this gives:

Shy(e) = / ysae,y)c(y | e)dy = Elyrnsa(e yrrn) | e1: = e]. (23)

Term (I). Substituting u = e + ¢ in the first integral:

(D)= [ ghy(w) flu—0)du— [ g}, (e) fle) de

= E[g),, (e16) (rs(e1e) — 1)]. (24)

Now apply (23) and the tower property:

(I) = E[E[yhth s2(e16, Yern) | €1e) - (rs(e1e) — 1)]
= ElYsyn82(e11, Yesn) (rs(e) — 1)) (25)

Combining (25) and (II):

0'(0) = E[s1(exr) (gn(e1s +0) — gu(e1r))] + E[s2(e1e, Yeyn) (rs(e1r) — 1) Yegn].  (26)

Step 3. Verification of the Riesz representation. We verify that ¢} = [g,(e1; + ) —

gn(e1r)] + (rs(e1r) — 1) (Yean — gn(e1r)) — 0 satisfies 0'(0) = E[¢f - s(e1t, Yran)] for every
score s = s1 +5, € T. Since T = LY(P), this identifies ¢; as the unique element of T

representing the pathwise derivative, hence the efficient influence function.
Expand E[y; - s] into three terms using the decomposition of ;"

(a) Regression term.

E[(gn(e1t +0) — gnlenr)) (s1(exe) +s2(€1t, Yrin))]

= E[(gn(e1e + ) — gulerr))s1(exr)] + E[(8n(er +6) — gn(exr)) Elsz | e14] |
=0
= E[(gn(e1t + 0) — gnlewr))s1(enr)]. (27)

This matches term (II) in (26).
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(b) Augmentation term.

E[(rs(e1e) = 1) (e — gnlear)) (s1(e1e) + s2(e16, Yrsn)) |
= E[(rs = 1) Elyssn — gn(enr) | exe] s1(enr)] + E[(rs(e1e) — 1) (Wrn — gnle1e)) s2(ene, Yesn)]

=0
= E[(rs(e1¢) = 1) Yerns2(e1e, Yesn)| — E[(rs(e1r) — 1) gn(ens) Elsa | €14] |
h:,o_/
= E[(”é(ﬁlt) —1) Yitn s2(€1t yt+h)]- (28)
This matches term (I) in (26).
(c) Centering term. E[6 - s] = 6 - E[s] = 0 because s € L(P).
Adding (27)—(28) recovers (26), confirming that
0'(0) = E[f -s(e1t,Yi1n)] foralls € T. (29)

Since the tangent space equals LI(P), the function ¢} is the efficient influence function.
The semiparametric efficiency bound is V;* = Var(yy;). O

Remark A.4 (The orthogonal decomposition). The verification reveals why the two
components of ; are orthogonal (as claimed in Section 5.2). The regression term
gn(e1r +0) — g (eqy) is measurable with respect to €1; alone, while the augmentation term
(rs = 1) (Y¢on — gn(€1r)) has conditional mean zero given €1;. Their covariance therefore
vanishes by the tower property, yielding the variance decomposition (VD).

A.3 Consistency of the DR Estimator

Proposition A.1. Under Assumptions A.1-A.4(a) and stochastic equicontinuity of the nuisance
— DR
estimator classes, ARF), (9) LN ARFp,(6) as T — co.

Proof. Decompose the estimation error as in Section 4.2:

/\DR 1 % 1 ” N
ARF, — ARF, = T Y i+ T Y A?Ps(e1s) Agn(err) + R,
. .

S——~— N ~~ d
—0by LLN product bias
where A?s = 75— 15, ASy, = &¢n — gn, and R7 collects remainder terms. The

first term converges to zero in probability: ¢ has mean zero and finite variance
(by Assumptions A.2-A.3), and a law of large numbers applies (using i.i.d. structure
of ey and mixing of y,.;). The product bias term satisfies |[T-'Y,A?Ag| <
[T1Y, AP?)2[T-1 Y, Ag?)Y/? by Cauchy-Schwarz. Under Assumption A.4(a), at least
one factor is 0,(1), so the product vanishes regardless of the other. The remainder
Ry consists of terms involving A¢(e1; + 6) — Ag(e1;) weighted by A?(e1;), which are
controlled by the same stochastic equicontinuity argument. O
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A4 Asymptotic Normality

Proposition A.2. Under Assumptions A.1-A.4(b), stochastic equicontinuity of the nuisance
estimator classes, and a mixing condition on {y;,,} sufficient for a CLT (e.g. a-mixing with
summable mixing coefficients):

VT(ARE, (8) — ARF,(6)) % N(0, ) (30)

where the long-run variance is

Y. Cov(yy, i)

j=—eo

At h = 0, ¢} is a measurable function of the i.i.d. pair (e, yt), so Ly = V = Var(y;). For
h > 0, ¢} inherits the serial dependence of y;.,,; in particular, if the structural model implies that
Yiyp depends on €141, ..., €144, then {1} } is at least h-dependent, and ¥.; > V" with strict
inequality generically.

The long-run variance is consistently estimated by the Newey—West HAC estimator

A ' 1
Z :’? +Z (BT) (r)/]—i—’y]) ’?f T Z ¢t¢t —J (31)

j= t j+1

- A ——DR
where Py = Py — ARF;, (9), k is the Bartlett kernel, and Br — oo with Br/T — 0. A practical
default is Br = [1.5h].

Proof.  Under the rate condition A.4(b), verified under primitive conditions in
Proposition A.3, the product bias term is 0, (T~1/2), so:

——DR
VT(ARF, — ARF,) = Z ¥ +o0p(1).

At h = 0, the summands ¢} are ii.d. (as functions of (e14,y¢)) with mean zero and
variance Vi < oo, so the Lindeberg-Lévy CLT gives N(0, V) directly. For h > 0, the
serial dependence in y;,j induces dependence in ¢;; specifically, ; is at most (h + p)-
dependent when the structural model has lag order p. Under the stated mixing condition,
a CLT for dependent data (e.g., Davidson, 1994, Theorem 27.4) delivers the result with the
long-run variance ;. Consistency of the HAC estimator follows from standard results
for kernel-based long-run variance estimation under mixing (Newey and West, 1987;
Andrews, 1991). U

A.5 Verification of the Product Rate Condition

We verify Assumption A.4(b) under the primitive conditions in Assumptions A.5-A.8.
The argument proceeds in three parts: we bound the L, (P) rate for a trimmed regression
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estimator, then for a trimmed density ratio estimator, and finally verify the product
condition.

Trimmed estimators. Define the trimming threshold ar = T™* for « € (0,1/4), and let
f be a kernel density estimator of f with bandwidth b . The trimmed regression estimator is
8l(e) = gu(e) - I(f(e) > ar), and the trimmed density ratio estimator is

HOE f(;(;)d) I(f(e) > ar, |f(e—6)/f(e)] < Mr) +1-I(otherwise),

where M7 = TP for some B > 0 truncates extreme ratio values (the default value 1 ensures
I — 1 = 0 in the trimmed region, contributing nothing to the DR augmentation term).

Proposition A.3 (Primitive rate verification). Under Assumptions A.1-A.8, with trimming
parameters « € (0,1/4) and B > 0, there exists a constant Cy > 0 depending on f such that if
6] < Co oy (where 07 = Var(ey;)), then:

(@) |85 — gull = Op(T~%/5(log T)'/4);
(b) ||Pf —rsll2 = Op(T_2/5+C|5‘/(2‘712)(10g T)'/4) for a constant C > 0;
A ~ _ 2 _
© 1187 — gull2 - 17T — 1]l = O,(T~4/3+CI81/2) (10g T)1/2) = 0, (T 1/2).

When the shock density f is known up to a finite-dimensional parameter 6 (estimated at \/T rate),
part (b) improves to ||fs — rs]|2 = Op(T~1/2) and the constraint on |5|/ oy is eliminated.

Proof. Part (a): Regression rate. Decompose ||¢] — ¢,/|3 = I + I, where

I = E[(8n(e1e) — gu(enr))* - I(f(ens) > ar)], I = E[gn(e1)* - 1(f(e1s) < ar)].

Tail term I). By uniform consistency of f on compact sets, P(f(ey;) < ar, f(ey) >
2ar) — 0. Define the effective support boundary ¢y by f(cr) = 2ar, so ¢c7 =
O(y/log(1/ar)) = ©(y/alogT). Then I, < E[gy(e1s)? - I(|exs| > cr)] +0,(1) — 0 by
dominated convergence under Assumption A.6. By Cauchy-Schwarz and sub-Gaussian
tail bounds: I, = O,(T~*) for a constant ¢ > 0.

Interior term I;. On {f(ey;) > ar/2} 2 {f(ewr) > ar, |f — fllo < ar/2} (which holds
with probability approaching 1), the standard pointwise MSE formula for the local linear
estimator gives:

R(K) o*(e)

5 _ 21 % " 2
El(8n(e) — gnle))"] = = (gu(e))”+ Tby /(0) +hoo.t.
squared bias —~

variance

The serial correlation in u;., = y;14 — gu(e1r) contributes O(h/(T?bgf(e))) to the
variance, which is negligible for fixed h since the kernel weights depend only on the i.i.d.
sequence {e1s}.
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Integrating over {|e| < cr} against f(e):

b4 2
Eln) < 52 [P ey der S5 ) [ e dero)
R(K) &2

= O(by) + T,

2cr+0(1), (32)

where 72 = sup, 0?(e) < oo by Assumption A.7, and the integral of the squared bias uses

Assumption A.5(b).
With by < T~1/5(log T)}/10 and c1 = O(y/log T):

||§}1; _gh”% _ ( 4/5(10g T)Z/S + T—4/5(10g T)2/5) — Op( 4/5(108 T)l/z)’

yielding [|¢7 — gull2 = O, (T~2/3(log T)1/4).

Part (b): Density ratio rate. Decompose ||#1 — r;||3 = J1 + ], + J3, separating the interior
(both density and ratio untrimmed), the density tail, and the ratio tail. The tail terms J,
and J; are handled identically to I,: by Assumption A.6, J, + J3 = Op(T~* + T~F).

For the interior Ji, linearize on {f(e) > ar/2, rs(e) < 2Mr}:

?5(6) —1’5(6) ~ Af(e_ )—1’(5( )Af( )

f(e) '
where Af(e) = f(e) — f(e). Squaring and integrating against f(e):
E[Af(e—6)*] 2E[Af(e)?]
h=2 /|e|<cT B le|<cr 7a(¢) e 9
For the standard kernel density estimator of i.i.d. data, E[Af(u)?] = O(bjf (f"(u))? +

f(u)/(Tby)).

Consider the variance contribution to the second integral in (33):

2 2
—_— de.
Tby /IegcT rale)”de

On the restricted domain |¢] < c¢r = O(y/logT), the density ratio satisfies
SUP)|,|<c, rs(e)? = O(TC“W”%) for a constant C > 0 determined by f. Hence,

/I rs(e)*de < 2cr - sup rs(e)> = O(y/log T - TC|‘5|/‘712).
el<cr

le|<cr
The variance contribution is therefore O(TCIl/ ot -4/ %(log T)'/?), which vanishes

provided C|6|/0? < 4/5. The bias contribution is lower order under Assumption A.5(a).
The first integral in (33) is handled by the substitution u = e — 4, yielding analogous
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bounds. Collecting terms:
175 = rslla = Op(T(CRV=4/5)2 (10g T)1/4).
Part (c): Product rate. Multiplying parts (a) and (b):
185 = ull2+ IF5 = sll2 = 0TIV 4/5(10g T)2).

This is 0,(T~1/2) provided C|5|/(20%) < 3/10, i.e., |6| < Cooy for Co = 3071/ (5C).

From Ly(P) norms to sample averages. The product bias term in the DR estimator
involves T~! Y, A#(e1;)A¢(e1;) rather than Ly(P) norms directly. By Cauchy-Schwarz,
IT Y, AP A < [T, APV2[T-1Y, Ag?)V/2.  The sample averages equal the
population norms plus 0, remainders, because: (i) the trimmed nuisance functions are
bounded (by Mt and the regression truncation), so the summands have finite variance;
(ii) the leave-one-out approximation §j(e1¢) ~ &n,—¢(e1r) + O(1/(Thgar)) controls the
dependence between the nuisance estimates and their evaluation points on the trimmed
region.

Known shock density. When f belongs to a parametric family {fy : 0 € ©} with
0 estimated at /T rate, a Taylor expansion of r5(-;f) around 6y gives ||fs — 75]l» =
OP(T_l/ 2), eliminating the 6/¢7 constraint and reducing the product rate condition to

185 — gull2 = 0p(D). O

Remark A.5 (The /07 constraint). The constraint |§| < Cyoq arises from nonparametric
estimation of the density ratio in the tails: for large shifts, the counterfactual density
f(- —6) has poor overlap with f(-), inflating the variance of the reweighted estimator.
Three observations mitigate this limitation: (i) When the shock density belongs to a
known parametric family (estimated at /T rate), the constraint disappears entirely.
(ii) Regularized density ratio estimators such as uLSIF produce bounded weights by
construction, avoiding tail instability. (iii) Within the DR framework, even a biased
density ratio estimate contributes small product bias when g, is well-specified, because
the bias is proportional to ||A?|| - [|AS]|.

A.6 On the GHKP Estimator’s Efficiency

Proposition A.4 (Informal). Under the conditions of GHKP Proposition 5.1, the GHKP
estimator has asymptotic variance V, ¢ = Var[gy(e1; + 6) — gy (e1¢)], which satisfies V, © < V'
with equality if and only if 0> (e1;) = 0 a.s. (i.e., y;yy, is a deterministic function of ey;, which is
generically false).

This confirms that GHKP’s estimator is super-efficient relative to the semiparametric
bound—it achieves lower variance by exploiting the (correctly specified) conditional
mean. The DR estimator pays for its robustness with higher asymptotic variance when
gn is well-estimated. Whether this trade-off favors the DR estimator depends on the
difficulty of estimating g, in the specific application.
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B Monte Carlo Figures

This appendix collects the simulation results for the three exercises described in Section 7.
Each figure is a 3 x 4 panel. The top row plots the impulse response function (median
and interquartile range across R = 5,000 replications); the middle row plots mean
bias; the bottom row plots root mean squared error. Columns correspond to T €
{250, 500, 1,000, 2,000}. In every panel, the population ARF appears as a solid black
line, the standalone regression estimator is dashed, and the DR estimator with parametric
Gaussian density ratio is solid blue.

B.1 Exercise 1: double robustness under structural misspecification

The regression arm is a misspecified linear OLS local projection of y;,, on a constant
and &1;, omitting the nonlinear term f. The permanent bias of this specification is visible
in the middle row of each figure; the DR correction eliminates it.
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Figure 1: ReLU nonlinearity (f = max), § = 1. The dashed line shows the
misspecified linear LP; the solid blue line shows the DR estimator with parametric

density ratio.
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Figure 2: ReLU nonlinearity (f = max), § = 2. Same design as Figure 1.
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Figure 3: Cubic nonlinearity (f = x°), 6 = 1.
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Figure 4: Cubic nonlinearity (f = x%), § = 2. Same design as Figure 3.
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B.2 Exercise 2: insurance against a poorly matched nonparametric
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Figure 5: ReLU nonlinearity with power series regression, § = 1.
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Figure 6: ReLU nonlinearity with power series regression, § = 2. Same design as
Figure 5.

41



0.0

-0.5

-1.0

-15

0.295 0.310 0.00 0.04 0.08

0.280

Impulse response, T=250

Impulse response, T=500

Impulse response, T=1000

Impulse response, T=2000

T T 1 T T T T T T T T T T T T T T T T T
Bias, T=250 Bias, T=500 Bias, T=1000 Bias, T=2000
S 4 N S
[} S S
S o T g
© = 7= c 7 !
- 3 © /I ! /’
8 LT | , i ,
S 7 g K 81
. 2 '
o ) 9 / ? . !
o | / - / B
? \\\ K g . //I 8 . I,
‘ S ~ S \
L L T T T T T 1 T T T T T T 1
RMSE, T=500 RMSE, T=1000 RMSE, T=2000
- ] PRy
© .
© — I
N 5] N |
°© i S
3 S )
<} S} o
—
_ _| b
[}
8 3
T T T T T T T T o o
01 2 3 45 6 7
— Truth --- Regression — DR
Horizon

Figure 7: Cubic nonlinearity with local linear regression, § = 1.
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Figure 8: Cubic nonlinearity with local linear regression, § = 2. Same design as

Figure 7.
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B.3 Exercise 3: cost of robustness when the regression is well-specified
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Figure 9: ReLU nonlinearity with local linear regression, § = 1.
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Figure 10: ReLU nonlinearity with local linear regression, 6 = 2.
Figure 9.
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Figure 11: Cubic nonlinearity with power series regression, 6 = 1.
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Figure 12: Cubic nonlinearity with power series regression, § = 2.
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